Econ 326 Section 004
Notes on Summation Operator

By Hiro Kasahara

Summation Operator

The summation operator, represented by the upper-case Greek letter sigma Y, is a shorthand
notation to represent the sum of a sequence of numbers, such as x1, xo,... T,. For a sequence of the
values {x1, xo, ..., }, we write the sum of xy, 9, ..., x,—1, and z,, using the summation operator
as

n
a:1+:z:2+...+wn:z:ci. (1)
i=1

For example, consider z1 = 2, 20 = 6, x3 = 1, 4 = 12, and x5 = 3 and we can write the sum
of x1, x2,... x5 using the summation operator as

5
in:2+6+1+12+3:24.
=1

Given a constant c,
n n
ZCCUi =cx1+cra+ ... +cxp=cx (1 +x2+ ... +25) = chi. (2)
i=1 =1

e For example, consider the case that n = 2 with the values of {x1,z2} given by z1 = 0 and
x92 = 1. Suppose that ¢ = 4. Then, 222:14 Xx;=4x04+4x1=4x(0+1)= 42?:1xi.

e In the special case of £1 = x5 = ... = x,, = 1, we have
n n n
Zc:Zcxlzcx21:cx(1—|—1—|—...—|—1):nc.
i=1 i=1 i=1

Consider another sequence {y1,y2, ..., ym } in addition to {z1, z2, ..., x, }. Then, we may consider
double summations over possible values of z’s and y’s. For example, consider the case of n = m = 2.
Then,

2 2
Z Zﬁfz'yj = 21Y1 + T1Y2 + Tay1 + T2y2
i=1 j=1



because

T1Y1 + T1Y2 + X2y1 + x2y2
=x1(y1 + y2) + z2(y1 + y2) (by factorization)

2
= Z xi(y1 +y2) (by def. of the summation operator by setting ¢ = (y1 + y2) in (2) )
i=1
2 2
= Z T Z Y, (because y + y2 = Z?:1 Yj)
i=1 j=1

2 2
=Y [ Domiwi | (because x; Y35,y = wi(yr + v2) = (wiys + wiy2) = Y3, wiy))

i=1 \j=1

2 2
DI

i=1 j=1

e Note that Z?:l Z?Zl Ty = 232‘:1 2?21 z;y;. In general case of {z1, z2, ...,z } and {y1,y2, ..., Ym },
we have Y0 370 @iy = D00 0 @iy

e Note that 23:1 Ty = T 232':1 y; using (2) because z; is treated as a constant in the sum-
mation operator over j’s. Hence, we can write

2 2 2 2 2 2
PIPIETEDIEDITEDDDILE
i=1 j=1 =1 j=1 j=1 =1
In general, we have
n m n m m n
Zinyj:inZyjzzyjzxi- (3)
i=1 j=1 =1 j=1 j=1 =1

That is, when we have double summations, we can take x;’s out of the summation over j’s.
Similarly, we can take y;’s out of the summation over 7’s.

Examples

e The final grade point in Econ 325 is computed as a weighted average of assignment (z1),
midterm (x2), and final exam (z3). The weights are w; = 0.1, we = 0.3, and w3 = 0.6
for assignment, midterm, and final exam, respectively. Using the summation sign, we may
express the final grade point in terms of x; and w; for ¢ = 1,2, 3 as

n
g W;T; = W1T1 + WaT2 + W3T3

=1

for n = 3. Consider a student with the scores of assignment (x;), midterm (z2), and final
exam (z3) given by 1 = 90, x9 = 90, and x3 = 46. Then, his or her final grade point is given
by

Zwixi = w121 + wors + wyws = 0.1 X 90 + 0.3 x 90 + 0.6 x 46 = 63.6.
=1



e We may compute the sum » " ; z;, the average & = (1/n) ) ;" | z;, and the sample variance
(1/(n—1)) > (2; — 2)> when n =5 and z; =i, i.e., x1 = 1, 22 = 2, ..., 75 = 5 as follows.

— Compute Y0 2, =30 i=1+24+3+44+5=15

— Compute z = (1/n) Y 1, z; = (1/5) Z?Zli =(1/5)(1+243+4+5)=3

~ Compute 5? = (1/(n—1)) X (ai— )% = (1/4)(1-2)+ (2—2)* + (3—2)° + (- 7) +
(5-1)%) = (1/4)((=2)%+ (1) 402+ (1)*+(2)*) = (1/4)(4+1+0+1+4) = 10/4 = 2.5

— We may show that > 7" (x; — Z) = 0 as follows.

5
Y (i) = (21— 3) + (w2 — ) + (13 — T) + (24 — T) + (x5 — T)
=1
= (21 + 22 + 23+ 24 + 5) — 5T
5 5

=(x1 +x2+ a3+ 24+ 25) — 5% (1/5) le (because T = (1/5) Zazz)
=1 =1

5
:(x1+x2+x3+x4+x5)—zyci
=1

i
=(r1+zot+ a3+ 24+ 75) — (1 + 22+ 23+ 24 + X5)
=0.



