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Abstract

This paper introduces a likelihood ratio-based test for examining the null hypothesis of an M-
component model versus an alternative (Mo + 1)-component model within the context of nor-
mal mixture panel regression. Contrary to the cross-sectional normal mixture, we demonstrate
that the first-order derivative of the density function for the variance parameter in the panel
normal mixture is linearly independent from its second-order derivative for the mean parame-
ter. However, similar to the cross-sectional normal mixture, the likelihood ratio test statistic for
the panel normal mixture remains unbounded. To manage this unboundedness, we employ a
penalized maximum likelihood estimator and derive the asymptotic distribution of penalized
likelihood ratio test and Expectation-Maximization test statistics using a fourth-order Taylor ex-
pansion of the log-likelihood function for reparameterized parameters. A sequential hypothesis
testing approach is developed for consistently estimating the number of components. Simula-
tion experiments reveal good finite sample performance of the proposed tests. We apply these
tests to estimate the number of production technology types for the finite mixture Cobb-Douglas

production function model.
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1 Introduction

Finite mixture models offer a natural representation of heterogeneity across a finite number of
classes. Due to their flexibility, they have been employed in empirical applications across vari-
ous fields since the proposal of a two-component normal mixture model by Pearson (1894). In
economics, finite mixtures are frequently used to model unobserved individual-specific effects
in labor economics, health economics, and industrial organization, among othersﬂ Theoretical
properties and examples of applications have been discussed by several authors, such as|Lindsay
(1995), Titterington et al.| (1985)), and McLachlan and Peel| (2004).

The number of components is a crucial parameter in finite mixture models. In economic appli-
cations, the number of components often represents the number of unobservable types or abilities.
Choosing an arbitrary number of parameters may lead to overestimation or underestimation of
the level of heterogeneity. Using too few components may result in biased estimation due to over-
looked unobserved heterogeneity, while employing too many components can be computationally
costly and ill-behaved because of potential identification problems. Thus, developing a statistical
procedure to determine the number of components is essential.

Testing for the number of components in normal mixture regression models has been a long-
standing unsolved problem. The regularity conditions of the likelihood ratio test (LRT) for stan-
dard asymptotic analysis fail in finite mixture models due to issues such as non-identifiable pa-
rameters, the singularity of the Fisher Information matrix, and the true parameter being on the
boundary of the parameter space. Numerous papers have been written on the subject of LRT for
the number of components (see, e.g.,|Ghosh and Sen, [1985; |(Chernoff and Lander} 1995; |[Lemdani
and Pons),[1997; Chen and Chen) [2001,[2003; |Chen et al., 2004} |Garel|, 2001}, 2005; |(Chen et al., 2014)),
and the asymptotic distribution of the LRT statistic for general finite mixture models has been
derived as a function of the Gaussian process (Dacunha-Castelle and Gassiat, [1999; |Azais et al.,
2009; |Liu and Shao| 2003} |Zhu and Zhang, |2004). However, the key assumptions in these works
are violated in cross-sectional normal regression models because normal mixtures possess addi-
tional undesirable mathematical properties: (i) the Fisher information for testing is not finite, (ii)
the log-likelihood function is unbounded, and (iii) the second derivative of the density function
for the mean parameter is linearly dependent on its first derivative for the variance parameter. The
asymptotic distribution of the LRT statistics of a cross-sectional univariate finite mixture normal
regression model is analyzed by Kasahara and Shimotsu| (2015), while its multivariate extension

1For example, Heckman and Singer| (1984) use the finite mixture model to provide an alternative method to account
for the unobserved heterogeneity in the analysis of single-spell duration times of unemployed workers. Keane and Wolpin
(1997) and |Cameron and Heckman!(1998) analyze a dynamic model of schooling and occupational choices with unobserved
heterogeneous human capital. Likewise, finite mixture models have been applied in health economics. |Deb and Trivedi,
(1997) develop a finite mixture negative binomial count model that accounts for unobserved dispersion of elderly medical
care utilization. In industrial organizations, modelling consumer segmentation in marketing such asKamakura and Russell
(1989) and |Andrews and Currim|(2003) is a venue of application.



is developed by Kasahara and Shimotsu| (2019). /Amengual et al.|(2022) develops a score-type test
for a cross-sectional normal mixture model.

This paper develops a likelihood-ratio-based test for determining the number of components
in finite mixture normal regression models with panel data, where outcome variables are condi-
tionally independent across periods given latent type within each unit. To the best of our knowl-
edge, it is not known in the existing literature whether the aforementioned problems (i)-(iii) of
the cross-sectional normal mixture still arise in the panel normal mixture or not. Furthermore, no
likelihood-based test has yet been developed for testing the null hypothesis of an My-component
model against an alternative (M +1)-component model for My > 1 in the panel normal regression
mixture models with conditional independent errorsE]

We show that problems related to (i) and (ii) arise, but the higher-order degeneracy of problem
(iii) disappears in the panel normal mixture models with conditional independence. Following
Chen and Li (2009) and |Kasahara and Shimotsu| (2015), we consider a penalized likelihood ra-
tio test (PLRT) and an Expectation-Maximization (EM) test to deal with the unboundedness and
analyze the asymptotic distribution of the PLRT using a reparameterization orthogonal to the di-
rection in which the Fisher information matrix is singular. The likelihood ratio of an (M, + 1)-
component model against the My-component model is approximated with local quadratic-form
expansion with squares and cross-products of the reparameterized parameters. We demonstrate
that the asymptotic null distributions of the penalized likelihood ratio test statistic (PLRTS) and the
EM test statistic are characterized by the maximum of M, random variables, which we can easily
simulate. Building on the PLRT and EM tests, we propose a sequential hypothesis testing ap-
proach for consistently estimating the number of components. In simulations, our proposed PLRT
and EM tests demonstrate favorable finite sample properties. Moreover, a sequential hypothesis
testing approach accurately selects the correct number of components with high frequency, sur-
passing selection procedures based on the Akaike Information Criterion (AIC) and the Bayesian
Information Criterion (BIC).

This paper makes several contributions. First, it analyzes the likelihood-ratio-based test for the
number of components in the panel normal regression mixture models with conditional indepen-
dence. |[Kasahara and Shimotsu| (2015) and Kasahara and Shimotsu| (2019) analyze the likelihood-
ratio-based tests for the number of components in the cross-sectional univariate normal mixture
regression models and the multivariate normal mixture models, respectively. We demonstrate that
the asymptotic distribution of PLRT and EM test for the panel normal regression mixture models
with conditionally independent errors differs from those of the univariate/multivariate normal
mixture models in the aforementioned two papers because the higher-order dependency does not
occur when the repeated measurement of outcome variables is available in panel data. Further-

ZKasahara and Shimotsu| (2014) develops a procedure to estimate a lower bound on the number of components con-
sistently in finite mixture models in which each component distribution has independent marginals, which includes the
panel normal regression mixture models with conditionally independent errors as a special case.



more, we develop a sequential hypothesis testing approach for consistently estimating the number
of components.

Second, while it is well known that the log-likelihood function of normal mixture models is
unbounded (Hartigan) [1985), it is unknown if the related unboundedness problem arises in the
panel data. We show that the likelihood ratio test statistic is unbounded in the panel normal
mixture models with conditionally independent errors when the time dimension of panel data
is finite. This unboundedness causes over-rejection of the likelihood ratio test. We introduce a
penalty function to prevent the likelihood ratio test statistics from being unbounded, where we
use computational experiments to determine the data-driven penalty function. We develop an R
package NormalRegPanelMixture (Hao, |2017) that contains the EM test module and asymptotic
distribution simulation module.

Third, our empirical analysis of the number of production technology types using panel data
from Japanese and Chilean manufacturing firms provides strong evidence for substantial hetero-
geneity in production function coefficients across firms within narrowly defined industries. This
is an important contribution to the literature on production function estimation, where most ex-
isting empirical applications assume the homogeneity of production function coefficients across
firms using the standard production function estimation methods developed by Olley and Pakes
(1996), Levinsohn and Petrin| (2003), and |Ackerberg et al.| (2015). Our empirical finding suggests
that it is essential to incorporate unobserved heterogeneity in the production function coefficients
across firms in applications (Li and Sasaki, [2017} Doraszelski and Jaumandreu) 2018; [Balat et al.,
2019; |[Kasahara et al., 2022).

The EM test approach was introduced by Li et al.|(2009) and (Chen and Li| (2009) to test homo-
geneity in finite mixture models. Li and Chen|(2010) developed an EM test for the null hypothesis
of M, components applicable to general M, > 2, while Kasahara and Shimotsu| (2015)) proposed
an EM test for normal regression mixture models to test the null of My > 2. The EM approach
has also been applied to test homogeneity in multivariate mixtures (Niu et al.,2011) and subgroup
analyses (Shen and He| 2015). More recently, Liu et al.| (2018) extended the EM test to mixtures
of the general location-scale family distribution, and [Kasahara and Shimotsu(2019) developed an
EM test for multivariate normal mixture models. Building upon the prior literature, this paper
develops an EM test for panel normal regression mixture models with conditionally independent
€eITors.

Identifying and estimating latent group structure in panel data have received attention in re-
cent literature (Kasahara and Shimotsu), 2009; Ando and Bai, 2016; Bonhomme and Manresa), 2015;
Lin and Ng| [2012; [Lu and Su) 2017; Su et al,, |2016). Finite mixture modeling provides a practi-
cal, model-based approach to determining unobserved group structures. Choosing the number of
groups is often a prerequisite for classifying each individual’s group membership. We can esti-
mate the number of groups in panel data regression models by applying our proposed sequential



hypothesis testing approach.

The rest of the paper is organized as follows. In Section 2} we define the finite normal mixture
panel regression model. In Section [3) we demonstrate the PLRT for testing the homogeneity of
normal mixture panel regression against a two-component model as a precursor to obtaining the
general M, components test. Section [4] generalizes the result to testing M, components against
My + 1 components. Section [f introduces the EM test for testing M, components against M + 1
components. Section|[f] derives the asymptotic distribution of the PLRT and EM tests under local
alternatives, while Section [/|develops a consistent estimator for the number of components based
on sequential hypothesis testing. Section [§| presents the simulated results of the tests. Section [J]
provides an empirical application. Let := denote “equals by definition.” Boldface letters denote

vectors or matrices.

2 Heteroskedastic finite mixture panel normal regression model

We consider finite mixture normal regression models with panel data, where the panel length T is
fixed and the number of cross-sectional observations n goes to infinity. Define w := {y;, x, z
with y; € R,z € R, 2z, € RP. Given M > 2, denote the density of a M —component model that
represents the conditional density function of {y;}]_, given {x;, z;}_, as

w 19M Zagf w;~, 6 7 1
where 9y = (a7,8],....0,;,77)T €Op,,, a’ = (a1, ..., an_1), ap =1 — Z;ull aj, and
T T T
1 —x, B~z
f(w;~,0 Has( — ) 2
1=1 93 95

is the j-th component density function with u; € ©, C R, 07 € 6, C Ry, 3; € ©5 C RY,
v € ©, C R?, and ¢(t) = (2m)~1/2 exp(—%) is the standard normal probability density function.
We collect the component-specific parameters into 6; := (1,07, ,BJ-T)T € Og while the regression
coefficient « for a vector z is assumed to be common across components.

The number of components, denoted by M,, is defined as the smallest integer M such
that the data density of w admits the representation (I). Consider a random sample of n
with panel length of 7' independent observations {W;}7_, where W,; = {(Yi;, X}, Z}) T},
from a true My-component density fus(w;¥}y, ) defined in equation . with 93, =
((@*)7,(67)7,....(034,) T, (v*) 7). The superscript * signifies the true parameter value. Because

component distributions can be identified only up to permutation, we assume that pj < p3 <



o <y, for identificationﬂ
Our goal is to test
Hy: M = My against Hy : M = My + 1.

3 Likelihood ratio test for [, : M =1 against H4: M =2

We begin by developing the PLRT to test the null hypothesis Hy : M = 1 against the alternative
hypothesis H; : M = 2. Consider a random sample of n with a panel length of T" independent
observations {W;}7_,, where W; = {(Yi;, X,,, Z;;) T }~_,, drawn from a true one-component den-
sity f(w;~y, @) defined in equation . Now consider a two-component mixture density function

f2(w;92) = af(w;v,01) + (1 — a) f(w;7, 02),

where 95 = (@, 0] ,8,,77)T € Oy,, and « is the mixing probability of the first component. The
two-component model can generate the true one-component density in two cases: (1) 8; = 02 =
0%; (2) « = 0 or 1. Consequently, the null hypothesis Hy : M = 1 can be partitioned into two
sub-hypotheses: Hy; : 81 = 0 and Hys : a(1 — o) = 0. The regularity conditions of the LRTS for
a standard asymptotic analysis fail in finite mixture models: under Hy, « is not identified, and
the Fisher information matrix for the other parameters becomes singular; under Hyz, « is on the
boundary of the parameter space, and either 8; or 8 is not identified.

As discussed in the introduction, analyzing the asymptotic distribution of the LRTS for the
cross-sectional normal mixture is challenging due to its undesirable mathematical properties (cf.,
Chen and Li} 2009): (i) the Fisher information for testing Hy; is not finite, (ii) the log-likelihood
function is unbounded (Hartigan, 1985), and (iii) the first-order derivative of f>(w;v2) with re-
spect to o is linearly dependent on its second-order derivative with respect to 4. The presence of
problems (i)-(iii) in panel normal mixture models with 7" > 2 is not well-understood in the existing
literature because, to the best of our knowledge, no existing studies have examined them.

Regarding problem (i), we note that the issue of infinite Fisher information for testing Hy, also
arises in the panel normal mixture model. For brevity, let us consider the case without (X, Z).

The score for testing Hyy : o = 0 takes the form

O fo(Wi 1,08, pia, 03) (W5, 08)
Oa

o f(Wipso02)

a=0,pu2=p*,03=0

where f(W;pu,0?) = HtT:1 o((ye — p)/o)/o, and ¢(-) is the standard normal density function.

3More generally, we may consider a lexicographical order: 85 < 05 < --- < 0%, -



When o2 > 20*2, E[{f(W;u1,0%)/f(W;u*, 0*%) — 1}?] = co. For more details, please refer to
Proposition 5| Because the infinite Fisher information causes difficulty in deriving the asymptotic
distribution under Hyys, this paper focuses on testing Hy;. We define Y7 := {(a,~,01,602) € Oy, :
6, = 0, = 6" and v = ~*}, which is the subspace of Oy, that corresponds to Hp;. Note that
because of our focus on Hy;, our test may not have power against the local alternatives with o,, —
0. We analyze the asymptotic distribution of the PLRTS under the contiguous local alternatives in
Section [6]

Related to problem (ii), the LRTS in normal mixture models with panel data becomes un-
bounded as the sample size n goes to co. Define the likelihood ratio statistic with respect to the
true parameter under Hj as:

LR} (92) := 2 {Zlog F2(Wisd2) =Y log f(Wi77, ‘9*)} ;
i=1 i=1
where f5 is the density of the two-component finite mixture distribution in (1) with M = 2, and
()T, (0")T) 7T is the true parameter value under Hy. Let 95, be the maximum likelihood esti-
mator for the two-component model, i.e., {92,” = arg maxg,co,, LR} (92).

Proposition 1. Suppose the true model is described by the one-component model with (v,0) = (v*,0%).
Then, for any positive constant M > 0, Pr (LR;(@QW) < M) — 0asn — oo.

To deal with unboundedness, we consider a maximum penalized likelihood estimator (PMLE)
as in/Chen and Tan| (2009) using the following penalty function:

M
D () := an(a?) with pn(ajz) = —an{ag/ojz + log(ajz/ag) -1} 3)
j=1

This penalty function circumvents the problem of unbounded log likelihood by preventing a vari-
ance parameter estimate from nearing zero. The parameter a,, is selected such that the penalty’s
impact becomes asymptotically negligible for the distribution of the PMLE. Refer to the conditions
C1-C3 in the proof of Proposition |6}

Let

¥y = arg ST Zl 10g fo(W §;92) + P (D2)
denote the Penalized Maximum Likelihood Estimator (PMLE, hereafter) under the two-
component model. Define a set of parameter values for the two-component density that generates
the true one-component density by 03 := {(«,7,01,02) € Oy, : 01 = 03 = 0" and vy = v*;a =
land ¢, = 0*;a = 0 and 6, = 0*}. 67 and 6, are component-specific parameters, while ~ is a pa-
rameter vector common across components. The following proposition establishes the consistency



of the PMLE.

Assumption 1. (a) X and Z have finite second moments, and Pr(X "B+ Z v # X B+ Z"v*) > 0
for (BT AT #((B)T,(v))T. (0) a,, > 0and a, = o(n'/*) in the penalty function (3).

Proposition 2. Suppose that Assumption (1| holds. Then under the null hypothesis Hy : My = 1,
’lA92 — 192| —p 0.

infy,coz

It should be noted that fo(w;935) = f(w;~*,0") for any 95 € ©%. Consequently, Proposition
suggests that the PMLE 9, converges in probability to a set of parameters for which the true
density function f(w;~*, ") emerges within the space of two-component density functions.

For problem (iii), we show that in normal mixture models with panel data, the first-order
derivative of f,(w;9;) with respect to o7 is not linearly dependent with its second-order derivative
with respect to 115 (See Proposition[3fc)). Consequently, the panel mixture model (1) with the com-
ponent density function (2) is strongly identifiable, and the best rate of convergence for estimating

~1/4

the mixing distribution is n when the number of components is unknown (c.f., (Chen, (1995).

See Proposition[d(a). In contrast, the strong identifiability does not hold for the cross-sectional nor-

1/8 when the number of components

mal mixture, and its convergence rate becomes as slow as n~
is over-specified (c.f., Kasahara and Shimotsu, 2015).

As in any finite mixture models, however, the standard asymptotic analysis breaks down in
testing Ho; : 1 = 62 = 0" because « is not identified under Hy;; in addition, the first-order

derivative at the true value 95 = (a, (8*)7, ()7, (7*)T) T are linear dependent as
* « *
Vg, log fao(w; d3) = mvw log f2(w; 93). (4)

To deal with this linear dependency, we analyze the asymptotic distribution of LRTS by developing
a higher-order approximation for the log-likelihood function.

To extract the direction of Fisher Information matrix singularity, we adapt the reparameteriza-
tion approach by |[Kasahara and Shimotsu| (2012) and consider the following one-to-one reparame-

terization of 8; and 6, given o

() (0 2% ) wm (2) - (20,
v af1 + (1 — )b 0, v —a\
where v and A are both (¢ + 2) x 1 reparameterized parameter vectors with v = (v, v, l/g)T
and A = (A, Ao, M) )T = (1 — po,0f — 03,(B, — B5)")T. We also write 6 and X as 6 =
(01,02,03,....0042) " = (1,02, B1,..0) " and XA = (A1, A2, Az, s Agiz) T i= (A Aoy Agys s Ag,) |
This reparameterization is essential for analyzing the asymptotic distribution of the PLRTS in
light of the linear dependency in {#). The reparameterized parameter X captures a deviation from
the one component model, where its first-order derivatives of the log density are identically equal



to zero under H, : M = 1. Consequently, this reparameterization facilitates the derivation of an
approximate quadratic-form criterion function, which is based on the fourth-order Taylor series
approximation of the log-likelihood function, in order to characterize the asymptotic distribution
of the LRTS.

Define the space for reparameterized parameters as

P = (’yT,uT,)\T)T € Oy,

where Oy = {¢: v € ©4,v+ (1 —a)X € Og,v — aX € Og}. Under the null hypothesis Hy; : 8; =
0> = 0", wehave A = (0,...,0)" and v = 6*. We rewrite the reparameterized parameters under
null hypothesis to be (y*)" = ((+*)7,(6%)7,0,...,0)T. Under the reparameterized parameter
space, the density function and its logarithm are expressed as

g(wih,a) = af(w;y, v+ (1 - a)A) + (1 — a)f(w;y,v —aX) and (6)
l(w; v, a) = log g(w; P, a).

Writepasp = (n",A")T withn = (7, v7)T, where n* = ((v*)", (#*)T)T and A* = 0. Denote
the parameter space of n and A by ©,, C RPT72 and © C R?"?, respectively.

Under this reparameterization, the first-order derivatives of the reparameterized log density
with respect to the reparameterized parameters 7 is identical to those under the one-component
model, and the first-order derivative with respect to A is a zero vector:

~ Viyrenyr fwiy, ")

Vyrl(w;*,a) = Fwiy 07) and Vl(w;vy",a)=0. (7)

With Vl(w; ", o) = 0, the Fisher information matrix is singular, and the standard quadratic ap-
proximation fails. Consequently, the information on A is provided by the second-order derivative

of I(w; 1, o) with respect to A. We use second-order derivative with respect to A to identify A:

Veon(U’%’Y*»G*)

Vool (w; ", a) = a(l — a) Faviy .0

(8)

When « is bounded away from 0 and 1, the elements of V,7I(W; 4", a) are mean-zero random
variables.

Note that, unlike the cross-sectional models analyzed by Kasahara and Shimotsu|(2015), there
exists no collinearity between these first and second-order derivatives for the panel models. This
distinction is indeed important as it highlights the differences in the asymptotic distribution of the
LRTS for the panel models compared to the cross-sectional models. The absence of collinearity
between the first and second-order derivatives in panel models leads to different convergence



rates and asymptotic properties.
Let f* and V f* denote f(W;~*,0%) and V f(W;~*,0"). Define the vector s(W) as

V T AT\T * — *
s(W) = Sn(W) ., where Sn(W) = L*)f and saa (W) — M
(W) (p+a+2)x1 f (g+2)(q+1)/2)x1 f

©)

The term 6997 f* denotes the second-order derivatives of the density function f* with respect to

the parameters 6. Coefficients c;;, are employed to adjust the scaling of these second-order deriva-

tives. The function s(w) comprises the second-order derivatives of the log-likelihood function

with respect to the reparameterized parameter A. This function, sxx(w), serves as a score function

for identifying A. Consequently, s(w) is referred to as a score function. An explicit expression for

the score function s(w) can be derived using Hermite polynomials, as elaborated in Appendix[B.2]
Collect the relevant normalized reparameterized parameters and define t(, ) as

_ ty _ n—n
o) = (mx,@) (a(l a)v(A)) ! {10

where v()\) is a vector of unique elements of AX" given by
0(A) = (AL, oy Agradgra, AtAz, oy Agr1 Agya) | (11)

of which length is ¢y := (¢ + 2)(¢ + 3)/2.
Let L, (¢, a) := > | (W ;9", a) be the reparameterized log-likelihood function and define

the normalized score vector
n

S, :=n"1/?2 Z s(W,).

i=1
Then, taking the fourth order Taylor expansion of L, (v, «) around (¢",«), we may write
2{L,,(¢,a) — L, (¢", ) } as a quadratic function of v/nt(v, ) as

2{Ln(,0)=La(¥", )} = 2(V/nt(¥,0)) " S = (Vit(h,a) " To(Vit(3h, @) + Ru(th,a) - (12)

= GIInGn - [\/ﬁt(i/i, a) - Gn] TIn [\/ﬁt(’(b, O‘) - Gn} + Rn(¢a 0‘)7 (13)

where T, is the negative of the sample Hessian defined in the proof of Proposition [§jwhile G,, :=
Z.'S,. LetZ =E[s(W)s(W)T].

Assumption 2. (a) X and Z have finite 8-th moments. (b) E[UU ] is non-singular, where U =
1,Xx",z".



Proposition 3. Suppose that assumption [I|and 2] hold. Then, under Hy : M = 1, for o € (0,1), (a) for
any § > 0, limsup,,_, Pr(supw€@¢:||¢7¢*“§ﬁ |R, (1, )| > 6(1 + ||nt(,)||?)) — 0as k — 0, (b)
S, 4§~ N(0,Z),and (c) Z,, L T, where T is finite and non-singular.

The non-singularity of Z in Proposition [3(c) highlights the difference between the cross-
sectional normal mixture and the panel data normal mixture models. In particular, as shown
in equation in Appendix the first-order derivative of fa(w;¥2) with respect to o7 is lin-
early independent of its second-order derivative with respect to ;1; when T' > 2, ensuring that the
high-order degeneracy of problem (iii) does not arise. Intuitively, the availability of repeated ob-
servations within each individual unit provides better identification, even for over-parameterized
models, and reduces the degree of higher-order degeneracy.

The set of feasible values of \/nt(1, a) is given by the shifted and re-scaled parameter space
for (n,v(A)) defined as A,, := /n(0, — n*) x Vna(l — a)v(©y), where v(A) := {t € R» :
t = v()\) forsome X € A C RIT2}. Because A, /\/n is locally approximated by a cone A :=
RPHI+2 % y(RI72), we may apply Lemma 2 of |Andrews) (1999) to approximate the distribution
of the supremum of the right-hand side of as

- * d T s o l o
Jnax 2{Ln(¢,0) = La(¥7",0)} = G TG — inf (t — G)L(t - G),
where G = Z™'S ~ N(0,Z""). This allows us to characterize the asymptotic distribution of the
LRTS.

For each « € (0, 1), define the reparameterized PMLE by

2
W = arg max Ly (,0) + ;pn(%z—(% a)) (14)

with ¢ := (ﬁtT, o', ;\T)T, where O, is defined as the space of 1 so that the 9, implied is in Oy

and o7 (¢, @) is the value of o; implied by the value of ¢ and «a (e.g., 03 (%, a) = vy + (1 — a)X).
Let (4, 89) be the one-component MLE that maximizes the one-component likelihood function

Lon(v,0) := > i log f(W;;v,0). Define the LRTS and the PLRTS of testing Ho, respectively,

with a small positivity constant € on « as

2
LRy = max ]Q{Ln({b, a) = Lon(¥0,00)} and PLR,, == LR, + > _pu(0?(¥,)).  (15)
ac|e,l—e -

Jj=1
The hard bound is imposed on the values of « in order to avoid an issue of the infinite Fisher
information for testing Hy2. However, the LRTS may have a reduced power if the true value of o

does not satisfy the constraint [¢,1 — ¢] given an ad hoc constant ¢ > 0. For this reason, we also

10



develop the EM-test in Section [5| which does not impose a direct constraint on the value of a.
With s(W) in (9), partition Z = E[s(W)s(W)] and define

T T
=" "), I, =Elsy(W)sy(W)T], Tay=E[san(W)sy(W)T], Iyr =I5,
Iy ZIax

T = E[saa(W)saa(W) '], Ian=Tax—ZanZ, Iyr, and Gayi= (Tan) 'San,

where Sy 5, ~ N(0,Zx ). Define a set that characterizes the feasible values of \/nty (A, ) when
n — oo by the cone
Ax = {\/ﬁa(l —a)u(A): A e eA}.

Define ) by

ra(ta) =, inf ra(tx), 7a(ta) = (0 - Gxn) Tan(tr — Gay), (16)
A A
where £, is a projection of a random Gaussian random variable G’ on a cone Aj.
The following proposition establishes the asymptotic distribution of LRTS or PLRTS under the
null hypothesis Hy : M = 1.

Proposition 4. Suppose that assumptions [I| and 2| hold. Under the null hypothesis Hy : My = 1, (a)
t(h,a) = Op(n~Y2) for any a € (0,1), (b) LR, % (ix)"Tanix and PLR, % (ix) Zanis +
plim, o, 375y Pu(0} (9, ).

Proposition a) implies that 8; — 8* = O,(n~'/4) for j = 1,2. The n'/* convergence rate is a
consequence of the linear dependency in (), where the identification of the parameter 6 relies on
the fourth-order Taylor approximation of the log-likelihood function. This rate is also the best con-
vergence rate for an over-parameterized mixture under the strong identifiability condition (Chen),
1995). When we choose the penalty function so that 23:1 pn(af—(ﬂ), «)) = o0p(1) under the null
hypothesis of M =1, PLR,, has the same asymptotic null distribution as that of LR,,.

4 Likelihood ratio test for H, : M = M, against H4 : M = M, +1

In this section, we build upon the analysis from the previous section and derive the asymptotic
distribution of the PLRTS for testing the null hypothesis of M, components against an alternative
of (My + 1) components, where M, > 2.

Consider a random sample of n with a panel length of 7" independent observations {W;}7_,,

where W; = {(Yir, X/}, Z},) T}, from an My-component density far, (w;9y,) defined in equa-
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tion (17):

Mo
Faro (w3 934,) = > o f(w; ", 67), (17)
j=1
* * % * * * * * M-1
where 9y, = (07,05,...,60y,a7,....a}y,_1,7") € Op,, and aj, =1-37." " af.

Let the density of the (M, + 1)-component model be defined by:

Moy+1
Pror1(WiOng1) = Y a;f(w;v,6;), (18)

j=1

where 97,11 = (01,02, ..,00,11,01,. .., Qpr,,7Y) € Oy, ., as defined in . We assume u} <
Ws, - - > < Wy, in the true parameters for identification.

The (Mj + 1)-component model gives rise to the true density in two different cases:
(i) two components have the same mixing parameter, and (ii) one component has zero mixing
proportion. Accordingly, we partition the null hypothesis of Hy : M = M into two as Hy =
Hyy U Hoya, with Hyy : 0, = 0,1 = 05, for some h = 1..., My, and Hpy : ap, = 0 for some
h=1,...,My+1.

We first analyze the infinite Fisher information problem for testing Hy.. Partition Hos as Hoz =

UﬁiﬂlHogh, where Hy 25, : o, = 0. Define the subset of OYnry 11 corresponding to Hy o5, as

Y5, = {9mo+1 € Oy yy i = 05 (ay, iy, 05) = (a, pj, 07) for j < by

(Oéj,/.Lj,O'j) = (a;—lv,u;—lva;—l) fOI'j > h’}

The score for testing Hy 25, : o, = 0 takes the form V,, 10g faro+1 (Wi, Onso+1) = [f (W5 pins U,%) —
FW s i, o35/ fare (Wi, 94y, ). Because (up, 072) is not identified when a;, = 0, the Fisher infor-
mation matrix of the LRTS for testing Hy 25, : a, = 0 depends on the supremum of the variance of
Va, 10g farg+1(Wis 9ar,41) over 9,41 € T3, The Fisher information is infinite unless there is an
a priori restriction on the values of O’?.

Proposition 5. supy,, . cv; E[{Va,log Into+1(W i, 9n,+1)}2] < oo if and only if max{c? : o €
0o} < 2max{oi*,...,0%} }.

Since the restriction on the values of o7 in Proposition 5|is difficult to justify and not easy to
enforce in practice, we focus on testing Ho;.

Partition Hy; as Ho; = Uﬁi’lHo,lh, where Hy1p, : 0, = Oppq with pp < -+ < pp, = ppg1 <
-+ < ay+1- We impose these inequality constraints on pi; for component identification. There are
M, ways to describe the M, component null model in the space of (M + 1) component models,
each way corresponding to the null hypothesis of Hy 15, : 6, = 041 for h = 1,2, ..., M. Testing
Hy1p, : 0, = 0341 in the My-component null models is similar to testing Ho; : 61 = 02 in the one

12



component null model in section 3}

Define the subset of @ﬂMO .. corresponding to Hy 15, as:

- {0M0+1 € Oyyiy i ah +ansr =aj and 8, = 11 = 0}y =305 = a 19
andaj:0;for1§j<h;Oéj:O‘;flandoj:ejflforh—FlS]’SMO—’—l}

for h = 1,..., M. The set T% := U™ T*, corresponds to Hy; = Up Ho 1.

Suppose the null hypothesis of M = M, holds with the true density . Because any parame-
ter in T4 = U™ Y%, can generate the true density fuy, (w; y,) = Z;wol o fw;~*, 67), we need
to restrict the estimators under the (M, + 1)-component model to be in a neighborhood of 17, in
order to test Hy 15.

Recall that pj < i3 ... < iy, Let ©, and ©,, denote the lower bound and upper bounds of ©,,.
Define Dj = [©,, M) ) @4 X Og2, D = [Mhttih KitHin) @y x @, forh=2,..., My — 1,
D3y, = [M 0,] X O x O,2. Then D}, C By is a neighborhood containing 6} but not 65 for
j # h. For h =1,... My, give a small positive constant ¢ > 0, define a restricted parameter space
W), C Oy, (€) as

Mo+1
Qaq,. .41 € [6,1 —€; Z aj=1;7€0,0€0p:0; € D;forj=1,....,h—1;
v, = i=1
05,01 € D,’;;Gj S D;—Ll forj=h+2,...,My+1.
(20)
Note that ¥} N Y}, # 0 and ¥j N Y}, = 0if h # [ while Uy, &) = Oy, ., ().

Let \IIZ and D; be consistent estimators of ¥ and Dj, which can be constructed from a con-
sistent estimator of 19}, in the My-component model. We test Hy 15, : 85, = 041 by estimating the
(Mo + 1)-component model under the restriction that 9™+ ¢ ¥, .

For h = 1,2, ..., My, define the “local” PMLE that maximizes the log-likelihood function of the
(My + 1)-component model under the constrain that 9,41 € \ilz in by

~h ~
,'9]\/10-&-1 = argiax LMD+1>774(19M0+1) +pn(0Mo+1)>

19M0+1€\il:
where
Lan(9n) : Zlong Wiidy) and  pu(dn) : an 07:60)-
i=1
with
pn(UJQ'; &g,j) = *an{&g,j/"?‘ + 10%("]2‘/68,3‘) -1}, (21)
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2
0,5

hypothesis. Because 62 — 03 ; = O,(n~'/*) under the null hypothesis (c.f., Proposition Eka)),

where 67 ; is a root-n consistent estimator of o§ ; from My-component model under the null
pn(63;63 ;) = 0p(1) when ay, is chosen to be o(n'/*).

Under Hy : M = M,, ¥, contains a set of parameters Yj, defined in such that
It +1(w; Ingy41) is equal to fay, (w;9),,) for any 9az,41 € T7), and is therefore the density func-
tion from which the data is generated. These penalized likelihood estimators are consistent.

Proposition 6. Suppose that Assumption (1| holds. Then, under the null hypothesis Hy : M = M,
Ipgorr — Ontor1| 2 0for b =1,2, ..., M.

lnf’l9MO+1 e

Consider the local PLRTS for testing Ho 15, : 95 = Y441 defined by
~h _ «h N
PLRTI;/IO’h = Q{Lﬂfo+1,n(’l9MO+1) +pn(19]\40+1) — LMo,n(ﬂJ\/fo)} fOI' h = 1, 2, veny Mo.

The test utilizing the local PLRTS, denoted as PLR°", possesses power solely against local
alternatives within the restricted parameter space of ¥;. To guarantee power against local alter-
natives over a wide range of directions, we consider the PLRTS characterized by the maximum of
the local PLRTS for h = 1, ..., My, as defined by

PLR, (M) := max{PLRMo-! pLRM0:2  pPLRMo-Moy, (22)

Because Oy,, ,,(€) = UMo W, , PLR,, (M) is identical to MaXy,, €0, LMo+ 1,0 (Fngo41) +

ﬁn(ﬁM0+1)} - LMr):n({?Mo)'
To derive the asymptotic null distribution of PLR,,(My), collect the score vector for testing

Hy 1y for h =1,..., My into one vector as
1
s (W)
5,(W (W -
(W) = (js"( ) ) . where  3,(W) = ( sa(W) > and (W) = : :
SAA(W) (Mo+p+q+1)x1 S(’y,l/)(W) Mo (W)
Sax
(23)
where
f(W7 7*7 GT) - f(Wa '7*) B*MO)
SQ(W) = /fMo(W;ﬁ}k\/Io)’
f(Wa7*a0*M0—1) _f(Wa7*v0*M0) (24)

Mo
8(7,1/)(W) = Z a;v('y,u)f(w; Py*a 9;)/fM0 (W’ 197%@)7
j=1

Sgk(w) = 69;,9If(w;7*7 02)/.]0]\40 (Wa 197\/[0) for h = ]-v 27 ey MO)
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with VBhG,T f( Y 70*) (011V9)119h1 f*v EE) C(q+2)(q+2)Veh,q+29h,,q+2f*7 cl2v9h10h2 f*> [ES) C(q+1)(q+2)Veh‘q+19h,,q+2f*)T
for Oh = (9h1,9h2,0h3,-~~79h,q+2)—r = (Nh70%7ﬂh17-~»ﬂhq)—r and Cjk = 1/2 fOI‘j # k and Cjk = 1
for j = k. Define

7= E[g(W)§(W)T]a in = E[gn(W)gn(W)T]a i>\’r1 = E[gAA(W)gn(W)T]a 25)
i.n)\ = j:;\rn, iAA = E[g)\)\(W).’S')\,\(W)T], i)‘m = i.)\)\ —i.)\ni;li'n)\.

Then, the asymptotic distribution of the normalized score function is given by

ni \/—Z is’ (07I)a

where, in view of , S may be partitioned as S = (S’,T], S‘I)\)T withn=1/2%" 5, (W,) % 8,
and n —1/2 Z i=1 SAA(Wi) —d) S’)\)\ .
Let SA,,, = (SAm, . Sf\\{%)T = S — IanZ Sn N(0,Zy,,) be a RMola+2)(a+1)/2_yalued
. &h _
random Vec}’lcor. For h =1,2,..., My, define Z, ,, := ]E[S}}\ (ng)T] and G}}\m = (I’}w) 15’&7,].
Define t, analogously to ¢ as:

~h .
ri(t)\) = inf Th(t};\); T’}L\(t})l\) = (t’;\ - G})L\,n)TI})l\,n(t})L\ - G})L\,'r]) for h = 13 2; "'7M0' (26)

theAx

The local quadratic-form approximation of the log-likelihood function LRMo-" around Y%, C

Oy, . shares an identical structure to the approximation we derived in Sectionlin testing Ho; in
the test of homogeneity. Consequently, we can show that PLRMom 5 (t )‘)TI X 77t - Then, given

, the asymptotic null distribution of the PLRTS for testing Hy; is given by the maximum over
() TZR s for b = 1,2, ..., M.

Assumption 3. (1) af € (e,1 —¢) for j = 1,..., M. (D) T is non-singular. (c) a, in satisfies
an, = O(1).
Proposition 7. Suppose thatAssumptzonsare satisfied. Then under the null hypothesis Hy : M = M,

PLR,(Mo) % max{(#3) TZ éx. .. (Bx ) A0 83° ).

The asymptotic null distribution of PLR, (M) is non-standard but it is straightforward to
simulate the random variable from the asymptotic null distribution using the estimates. Specifi-
cally, we simulate a draw of Sy ,, = (Sim, ce S%;’?)T from N(O,%Am), where %A,n is a sample
analogue estimator of Zy ,,. Then, compute G};\,n = (i'im)_lS};\m and obtain ii analogously to
usmg an estlmator of Ih for h = 1,..., My, and a simulated random draw is computed as

M Y )
max{(t A) 7, )\mt T (7 B %tA }. Appendix present an expression for score func-
tions using Hermit polynomials.
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5 EMtest for Hy: M = My against H4 : M = M+ 1

This section develops an EM test used for testing the hypothesis Hy : M = M against the alterna-
tive hypothesis H4 : M = My + 1. A key limitation of the PLRT, as discussed in the previous sec-
tion, is that the computation of mixing probabilities, denoted as «;, is subject to a hard constraint,
which is dictated by an arbitrary choice of bounds. The EM test, on the other hand, circumvents
the need for imposing an explicit constraint on the o; values. It achieves this by performing a lim-
ited number of EM steps, starting from a predetermined set of «; values. The EM test approach
offers certain advantages, including computational simplicity and less stringent assumptions.

Let 7 be a finite set of numbers in (0,0.5] with 0.5 € 7, and let p(7) < 0 be a penalty term that

is continuous in 7, p(0.5) = 0, and p(7) — —oo as 7 goes to 0. Specifically, we choose
p(7) :=log(2min{r,1 — 7}).
For each 1 € T, let 7 (1) = 70 and define the restricted penalized MLE by

19;/[(;11(70) arg max PL,(9ny+1,70)

Ymg+1 GOﬂM - (1)

where ®$MO+1(TO) ={0 ¢ U, ap/(ap + apy1) = 70} and
PLy(Ono+1,7) = Lo +1,0(Ino+1) + P (Insy+1) + p(7).

Starting from (19}]LV§;ZFI(TO), "W (15)) with 7"V (1) = 75, update 19M %1(70) and 7(¥) () by the
following generalized EM algorithm. Denote the estimators after the k-th round of EM algorithm
iteration by 19};4((’:11 and 7"%). In the E-step, fori = 1,...,Nand j = 1,..., My + 1, compute the

weight for observation ¢ and type j as:

® {aﬁ-’”f(W ™, 0’” ) Fatgsr (Wi 99 (7o), =1, b= 1,
! O‘;kj F(Wiy ™, 6; )/fMo+1(Wi§79]V;0_)~_1(To)),j =h+2,...,My+1,
EZ) k) (k)f( 77'7 O(k))/fMoH(Wu19M0+1(7'0))

k k k
witl = (1= 7" ) fW v ® 08/ a1 (Wi 945 1 (7)),

(27)

w

where, for brevity, we drop the superscript h and its dependency on 7y from the notations such as
h(k)

w;; (10)-
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In the M-step, we update o and 7 by

(’““) Zw(k) forj=1,...,My+1 and

7hD) = arg mln {Z wm log )+ Z wl h+1 log(1 —7) + p(r )}
i=1 i=1
We also update 6; and ~ as

n T
k+1 . k1) k41
(0‘](. )2 _ argmgn{zw Z it _'ug T TRt w;;ﬂ; +1)2 +pn(aj2»)},
t=1

o%
J

Mo+1 (k)
J

=1 t=1 i=1 t=1
M(kJFl) n n T
i k S K -
(B) - (s z) (zwif St >>) ,
J i=1 t=1 i=1 t=1

where Z;; = (1,z,) . In the updating procedure, 19};4(5:11 ) (70) is not restricted to be in ¥}
For each 7y € 7 and each step k, define

M) (75) =2 {PLn(ﬂi&(fL(TO%Th(k)(TO)) - LMo,n(,&]Wo)} : (28)

With a pre-determined finite number K, define the local EM test statistic by taking maximum
h(k) : 7
of My,*"’(19) across different 74’s as

EM" := max{M") (10) : 7o € T}. (29)

The test statistic EM" tests Ho 15, : ), = 0541 and has a power against the local alternative that
splits the h-th component of the null Mjy-component model into two different components. To
achieve power against a wide range of local alternatives, we consider the EM test statistic that
takes the maximum of M, local EM test statistics:

EM,,(Mp) := max{EM}\O  EMMoE)} (30)

Proposition 8. Suppose that Assumptions hold and {0.5} € T. Then, under the null hypothesis
Hy : M = M, for any finite K, EM,(Mo) < max{(85) "Zh ..., (Ex ) T2 83"},

Therefore, the asymptotic null distribution of EM test statistic EM,, (M) is the same as that of
the PLRTS.
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6 Asymptotic Distribution under Local Alternatives

We derive the asymptotic distribution of PLRTS and EM test static under local alternatives. For
brevity, we focus on testing Hy : M = 1 against H4 : M = 2. Consider the following local alter-
native to the homogeneous model f(w;~*,0") with 8* = (u*,0*2,(3*)7)". For brevity, we omit
the common parameter « in this section. In a reparameterized parameter, " = ((v*)7,(A")")T.
For o* € (0,1) and a local parameter h = (h,,, hy )T with hy € v(8,), we consider a sequence of
contiguous local alternatives (o, %, )" = (ay,, v}, A)) € @, x @, x @, such that, with t5(X, a)

given by (10),
h, = Vn(v, —v*), hx=Vntx(An,a,), and «, =a* +o(1). (31)
Equivalently, the non-reparameterized contiguous local alternatives are given by
01, =v,+(1—ap)A, and 03, =v, —a,\, (32)
forv, =v* +n"Y2h, and X, = (M0, A2y ooy Agron) | With

N =1 V4 an (1 —an) Y2hy,; forj=1,..,q+2,

)

where hy = (h3 |,....h3 gt Paahag, o hxq+1hagi2)". The local alternatives are of order n'/*

rather than n'/2. See the discussion after Proposition@
The following proposition provides the asymptotic distribution of the PLRT and EM test statis-
tics under contiguous local alternatives.

Proposition 9. Suppose that the assumptions in Proposition [8 hold for My = 1. Consider a sequence of
contiguous local alternatives ¥y, = (o, Oin, Ogn)T given in , where o, and X\, satisfy . Then,
under Hy ,, : 9 = 92, we have PLR,, (1), EM,,(1) S (tx) "I ntx, where ty has the same distribution
as ty in Proposition but replacing Gx , With (Ix5) " San + ha.

Importantly, a set of contiguous local alternatives considered in excludes a sequence such
that a,, -+ O or 1.
7 Sequential Hypothesis Testing

To estimate the number of components, we sequentially test Hy : M = r against H; : M =r+1
starting from r = 1, and then r = 2,..., M, where M is the upper bound for the number of com-

ponents, which is assumed to be larger than M;. The first value for r that leads to a nonrejection
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of Hy gives our estimate for Mj. |[Robin and Smith|(2000) develops a similar sequential hypothesis
test for estimating the rank of a matrix.

For M = 1,...,M,let ¢}’ denote the 100(1 — g,) percentile of the cumulative distribution
function of a random variable max{(i;)TIimi;, N (ii{)TIﬁ\V{nii\f} for M = My in Propositions
E] and (8l Let ¢}’ be a consistent estimator of ¢{*, . Then, our estimator based on sequential

hypothesis testing (SHT, hereafter) is defined as

Mpig = min {M: PLRy(r)>¢{_, ,r=0,...,M =1, PLR,(M) <é&~, },
Me{0,...,M} " "
~ . ) ar _ M
Mem = Meg)l,l.?,M}{M cEMp(r)>¢é_,, ,r=0,...,M -1, EM, (M) <é&~, }. (33)

The estimators Mpigr and Mgy depend on the choice of the significance level g,,. The following
proposition states that Mpir and Mgy converge to My in probability as n — oo if we choose ¢,
such that ¢,, such that —n"!Ing, = o(1) and ¢,, = o(1).

Let Qp'(9n) = n 'YX Infu(w;dn) and QY(In) = E[lnfa(wi;9n)], where
far(w;i;9yy) is defined in (1) for M =1, ..., M.

Assumption 4. For M =1,..., My — 1, (a) QM (9r) has a unique maximum at 95, in Oy,,; (b) Oy, is
compact; (c) 95, is interior to Oy,,; (d) BM(9},) = E {V,gM In far(wis )V In for (wi; 19M)} is
nonsingular; () AM(9},) :=E {VﬂMﬁL In far(wy; 19M)} has constant rank in some open neighborhood
of 93y () QM (93 11) — QY (9) > 0.

Proposition 10. Suppose that My < M and Assumptions hold. If we choose ¢, such that
—n~"'Ing, = o(1) and g,, = o(1), then Mprr — Mo = 0,(1) and Mgy — Mo = 0,(1).

Assumption @ (a)-(e) ensure the consistency and asymptotic normality of 9, where (c)-(e)
correspond to Assumption A6 of White| (1982). Per Assumption [4f), the Kullback-Leibler Infor-
mation Criterion of the model relative to the true M, components model strictly decreases as the
number of components M increases, for M < M.

8 Simulation

In this section, we examine the finite sample performance of the EM test and PLRT by simulation.
We test Hy : M = My against H; : M = My + 1 for the model with My = 2 and 3.

8.1 Choice of penalty function

We have developed a data-dependent empirical formula for a,, by selecting a formula that ensures
empirical rejection probabilities match the nominal size (5%) across various null models and sam-
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ple sizes, as reported in Table[11|in Appendix D. Specifically, for the model without conditioning
variables, we have derived the following data-dependent empirical formula for testing the null
hypotheses of My = 1,2, 3, 4:

-1
Mg
<1+exp{ Mo'i‘poT"‘pzwo,,ll}) y My=1
Ay =

1 (34)
POy Py 4B w(Parg:Mo)
1+ exp IVIO + g T + 2 MO P ﬁZ/IO (W) , Mo =2,3,4,

where w(Ys,; My) is the misclassification probability as defined in Melnykov and Maitra| (2010)
for each of the null models. The parameters pi’, p5%, pale, pi%o, and pi’ are chosen as fol-
lows. Across different null models, sample sizes, and various candidate values of a,, we esti-
mate the empirical rejection probabilities at the 5% significance level by simulations and denote
them by 3. For example, when testing H, : My = 2, we repeatedly simulate the 500 datasets
under each of the 48 null model parameters and sample sizes (N,T,«,u,0) € {100,500} X
{2,5,10} x {(0.5,0.5),(0.2,0.8)} x {(-1,1),(-0.5,0.5),(—0.5,0.8)} x {(1,1),(1.5,0.75),(0.8,1.2)}
and test the null hypothesis of Hy : My = 2 by the EM test using one of the six values of
a, € {0.01,0.05,0.1,0.2,0.3,0.4}. For each of 108 x 6 = 648 combinations of the parameter
values, sample sizes, and a, values, let § denote the fraction of simulated datasets that led to
the rejection of the null hypothesis at 5% significance level. Using these 648 “observations” of
{8, N,T,w(92;2), a,}, we run the following regression:

o (Y g (005
8\1-3 8\1-005

lo +pM01 +p1b101 +p41010g(1 an)7 MO:1
p1“+pM“ +pM°i+p4°log( T )+po°10g(%)y Mo =2,3,4,

where p p °, pé”o, /’)éwo, p4 ,and p AMO in denotes the corresponding estimates. Tablein the

Appendix reports the estimates. Note that the data-dependent formula is obtained by setting
§ = 0.05 and solving for a,, in the above equation.

For the model with conditioning variables, we find that the value of a,, that gives accurate Type
I errors is sensitive to the dimension of covariates, and developing a data-dependent empirical
formula for a,, is difficult. Consequently, we choose a constant value of a,, that depends only on the
number of components My = 1,2, 3, and 4 as follows: a,, = 0.1617 if My = 1;a,, = 0.0025 if M, =
2;an, = 0.0567 if My = 3;a, = 0.4858if My = 4;a, = 0.5if My > 5. These penalty terms for the
regression with covariates are chosen by averaging the prediction of the penalty function for the
null parameters used in the simulations. For example, the penalty term for M, = 2 is chosen by
generating a, using the formula for all the combinations of (N, T, a, i, o) in Table[11|for My = 2
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and taking the average across the predicted a,,’s. For My > 5, we use the parametric bootstrap
method to obtain the critical values for our empirical application, where we set a,, = 0.5.

8.2 Simulation results

Table [I| displays the simulated Type I error rates for the EM test when examining the null hy-
pothesis Hy : M = 2 against the alternative hypothesis H; : M = 3. A total of 2000 repetitions
were employed for the asymptotic distribution, while 1000 repetitions were used for the bootstrap
distribution. Moreover, the PLRT with simulated critical values was considered.

The table presents results for four distinct null models, as explained in the table’s footnote.
Utilizing the asymptotic distribution, the EM test sizes generally approximate the nominal 5%
level. Nonetheless, the test may be undersized in instances where 7" > 5. Furthermore, the test
size is larger when the mixing proportions are equal (o = (0.5,0.5)) in comparison to when they
are unequal (o = (0.2,0.8)). The bootstrapped EM test demonstrates satisfactory performance.

For the PLRT, 2000 repetitions were conducted, and results were reported for cases where a
constraint was applied to ¢; € [¢,1 — €] with e = 0.1. The value of a,, for the PLRT was chosen to
be ten times larger than its value for the EM test. The findings suggest that the PLRT is slightly
oversized.

Table [2| reports the rejection frequency of testing Hy : My = 2 under 12 alternative three-
component mixture models, as elaborated in the table’s footnote. For both EM test and PLRT,
the test power is greater when distances between p;’s are larger and equal, such as (u1, p2, pt3) =
(—1,0,1) or (—1.5,0,1.5), as opposed to unbalanced distances like (—1,0,2) or (—0.5,0,1.5). The
power is also improved when the mixture probabilities are equal (o« = (1/3,1/3,1/3)) rather than
unequal (o = (1/4,1/2,1/4)). The power increases with both the time-dimension T" and cross-
sectional sample size N. Reflecting a larger actual rejection frequency of the PLRT under Hj :
My = 2 in Table[} the power of the PLRT is often higher than that of the EM test, although the EM
test sometimes has higher power, especially when the mixing probabilities are unequal.

Table 3| displays the simulated Type I error rates of the EM test using the asymptotic distribu-
tion for testing Hy : My = 3 against H; : My = 4. Six null models are considered with varying
(o1, a2, a3) and (g1, po, p3) values. The EM test generally yields accurate Type I errors.

The Type I error rates of the EM test with conditioning variables under the null M, = 2 are
examined using 500 repetitions. Results presented in Table 4| indicate a slightly oversized test for
small samples with (N, T) = (200, 2), but overall, the finite sample properties are satisfactory.

In our empirical application examining production function heterogeneity in Japan and Chile,
we find evidence that the number of components is frequently greater than five when we sequen-
tially apply our EM test to estimate the number of components. Consequently, we also investigate
the performance of the sequential hypothesis testing (SHT) using the EM test in comparison to the
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AIC and the BIC when the data is generated from a five-component model in a realistic setting.
Specifically, we simulate 100 datasets from the estimated five-component model of the Chilean
textile industry in our empirical application and apply these three methods to select the number
of components in each of the 100 datasets. Here, we apply the EM test at the 5 percent significance
level to sequentially test the null hypothesis Hy : M = M, for My = 1,2,...,7, and we determine
the number of components to be M, when we fail to reject Hy : M = M, as in (33).

Table |5/ presents the frequency at which the three methods select the number of components
in this simulation. The table demonstrates that the proposed sequential hypothesis test selects
the correct number of components 72 % of the time, while it underestimates the true number of
components 25 % of the time. Conversely, the AIC overestimates the number of components 86 %
of the time, and the BIC underestimates the number of components by selecting a four-component
model 41 % of the time, accurately estimating the number of components 58% of the time. Overall,
in this simulation, our proposed sequential hypothesis testing approach outperforms both the AIC
and the BIC.
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Table 1: Sizes (in %) of EM test and PLRT of Hy : My = 2 against Hs : My = 3 at the 5% level

EM Test EM Test PLRT
Asymptotic Parametric Bootstrap Asymptotic

T 3 5 8 3 5 8 3 5 8

N 200 400 200 400 200 400 200 400 200 400 200 400 200 400 200 400 200 400
(A,C) 53 48 4 38 4 295 46 62 62 46 48 52 77 66 675 67 65 55
(A,D) 59 49 5 5 445 4 54 48 52 56 5 58 54 515 51 61 555 6.2
(B,C) 38 25 345 305 36 325 36 56 42 52 4 54 625 545 645 6.05 505 6
(B,D) 48 46 35 315 355 395 36 36 58 4 62 46 235 44 39 485 495 52

)

1 A and B refer to respectively (a1, a2) = (0.5,0.5) and (0.2,0.8), while C' and D refer to (u1,u2) = (—1,1) and (—0.5,0.5),
respectively.
2 The variance is set to (01, 02) = (0.8, 1.2). The asymptotic simulations are based on 2000 repetitions and the bootstrap simu-

lation is based on 1000 repetitions.



Table 2: Powers (in %) of EM test and PLRT of Hy : M, = 2 against H4 : M, = 3 at the 5% level

| A | B

| 100 500 | 100 500
T | 2 5 2 5| 2 5 2 5

‘ EM test
(C,G) 20.9 81.6 57.6 100.0 205 82.7 62.6 100.0
(C, H) 492 99.9 99.9 100.0 38.4 98.7 98.8 100.0
(€, 1) 12.1 20.4 18.0 62.6 10.6 20.4 16.8 65.8
(D,G) 77.9 100.0 100.0 100.0 86.5 100.0 100.0 100.0
(D, H) 57.4 100.0 100.0 100.0 42.8 100.0 100.0 100.0
(D, I) 16.0 59.5 31.8 99.9 13.8 70.8 40.3 100.0
(E,G) 93.0 100.0 100.0 100.0 94.0 100.0 100.0 100.0
(E, H) 83.8 100.0 100.0 100.0 70.7 100.0 100.0 100.0
(E, 1) 25.7 97.0 80.2 100.0 30.7 96.8 83.1 100.0
(F,G) 99.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0
(F, H) 93,5 100.0 100.0 100.0 85.3 100.0 100.0 100.0
(F, 1) 40.8 99.9 98.2 100.0 52.1 100.0 99.5 100.0

| PLRT
(C,G) 2.7 85.1 56.5 100.0 23.2 82.6 58.7 100.0
(C, H) 57.1 100.0 99.8 100.0 43.2 99.7 99.1 100.0
(1) 12.0 21.0 12.4 66.1 11.3 2.1 12.4 69.3
(D, G) 79.9 100.0 100.0 100.0 87.6 100.0 100.0 100.0
(D, H) 65.3 100.0 100.0 100.0 49.1 100.0 100.0 100.0
(D,I) 14.8 63.6 28.6 100.0 13.6 75.2 36.7 100.0
(E,G) 915 100.0 100.0 100.0 93.7 100.0 100.0 100.0
(E,H) 86.8 100.0 100.0 100.0 75.9 100.0 100.0 100.0
(E, 1) 287 97.2 77.7 100.0 33.0 97.9 85.5 100.0
(F,G) 99.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0
(F, H) 96.4 100.0 100.0 100.0 89.5 100.0 100.0 100.0
(F, 1) 45.7 100.0 98.4 100.0 57.2 100.0 99.8 100.0

Notes: A and B refer to (a1, a2, a3) = (1/3,1/3,1/3) and (1/4,1/2,1/4), respectively; C, D, E,and
F refer to (p1, 2, p3) = (—0.5,0,1.5),(-1,0,1),(-1,0,2), (—1.5,0,1.5), respectively; G, H, I refer
to (01,02, 03) = (0.6,0.6,1.2), (0.6,1.2,0.6), (1,1, 1).
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Table 3: Sizes (in %) of EM test of H : My = 3 against H4 : My = 4 at 5% level

(AC) (A,D) (AE) (B,C) (B,D) (BE)
100,2 5.95 5.15 5.05 5.05 5.85 4.40
500,2 5.60 5.55 5.25 5.10 5.65 4.05
100,5 4.30 6.00 4.20 5.15 5.10 5.70
500,5 4.20 4.55 3.95 4.50 4.15 4.15

Notes: A and B refer to (a1, a2, a3) = (1/3,1/3,1/3) and (0.25, 0.5, 0.25), respectively, while

C, D, E refer to (p1, pi2, p3) = (—4,0,4), (—4,0,6) and (—6, 0, 6), respectively. The variance is set
to (01,02, 03) = (0.75,1.5,0.75). The asymptotic simulations are based on 2000 repetitions and the
bootstrap simulation is based on 1000 repetitions.

Table 4: Sizes of EM test of Hy : My = 2 against H 4 : M, = 3 with conditioning variables

(A,C,E) (A C,F) (A D,E) (AD,F) (B, C,E) (B,C,F) (B,DE) (B,D,F)

(N, T)

(200,2) 8.4 8.2 7.4 8.8 8.6 8.2 74 3.6
(500,2) 4.6 32 32 22 4.8 4.8 3.6 3.6
(200, 5) 4.0 1.8 3.0 2.6 22 2.0 22 32
(500, 5) 22 1.2 1.6 1.4 3.0 2.0 1.8 2.0

Notes: A and B refer to (1, u2) = (—1,1) and (—0.5,0.5), respectively, while C and D refer to
(B1,B2) = (1,1) and (—1, 1), respectively. E and F refer to (¢1,02) = (0.3,0.1) and (0.1,0.1). The
mixing proportion is set to (a1, ) = (0.2,0.8). The asymptotic simulations are based on 500
repetitions.
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Table 5: Frequency of Number of Components with the Simulated Data

M 1 2 3 4 5 6 7
SHT with EM test 0 0 0 0.26 0.72 0.02 0
AIC 0 0 0 0.01 0.13 0.31 0.55
BIC 0 0 0 0.41 0.58 0.01 0

! The data are generated using the estimated parameters based on the Chilean textile industry with five-components and
panel length T = 3, where (a1,a2,a3,04,05) = (0.16076522,0.32454077,0.09025875, 0.35478905, 0.06964622),
(11, p2, 13, phd, p5) = (—1.241241, —0.33803875, 0.4480291, 0.52379553, 1.4139465),  (B1, B2, B3, B4, Bs) =
(0.451833, —0.05988709, —0.2453261, —0.03106076, 0.2053708), (01,02,03,04,05) =
(0.9933480, 0.4585760, 0.9954302, 0.4116855, 0.1863346). We use the panel length and sample size that are equal to those
in the dataset,i.e., n = 196 and T = 3.

2 The results are based on 100 repetitions.

3 Each cell indicates the proportion of times that the model selection indicates a M-component model.

9 Empirical Application

In this section, we conduct an empirical application of our proposed test for the number of com-
ponents in a finite mixture production function model, the identification of which is analyzed in
Kasahara et al.[(2022). Specifically, we estimate the number of types of input elasticities in produc-
tion functions using panel data from Japanese publicly traded firms in the machinery industry, as
well as data from Chilean manufacturing firms.

9.1 Production Function and First Order Condition

Consider the input and output panel data of n firms over T years, {{Yi, Vit, Lit, Kis }2_ 1} 4,

where Y;;, Vit Ly, Ki; represent the output, intermediate input, labor, and capital of firm ¢ in
year t, respectively. We denote the logarithm of corresponding variables by lowercase letters as
(Yit, Vit Lit, kir), with, for example, y;; = log(Yi).

We employ a finite mixture specification to capture unobserved heterogeneity in a firm’s input
elasticities. We are interested in testing the number of production technology types. Assume
there are M discrete types of production technologies and define the latent random variable D; €
{1,2,..., M} to represent the production technology type of firm i. If D; = j, then firm i is of type
Jj. The population proportion of type j is denoted by a; = Pr(D = j). The production function for
type j is Cobb-Douglas and the output is related to inputs as

Yi = exp (€it) F (Vit, Lit, Kie, wir) (35)
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with
. , So.i 7805 761,
F} (Vit, Lit, Kig, wir) := exp(y] +wie) Vi Ly ? Ky

where 7] represents the aggregate productivity shock of type j in year ¢; w; is the serially corre-
lated productivity shock; and ¢;; is the idiosyncratic productivity shock.

We assume that an intermediate input V}; is flexibly chosen by firm i after observing aggregate
shock 7 and serially correlated productivity shock w;;. The variable €;; represents a mean-zero
iid. random variable, the realization of which is unknown when the intermediate input V is
selected. Denote the information available to a firm for making decisions on V;; by Z;;.Denote the
information available to a firm for making decisions on V;; by Z;.

In order to identify the intermediate input elasticity of the production function, we introduce
the following assumptions (c.f., Kasahara et al.|(2022)).

Assumption 5. (a) Each firm belongs to one of M types, and the probability of being type j is given by
a; = P(D; = j) with Zj\il o = 1. (b) For the j'" type of production technology at time t, the output
is expressed in terms of input as in , where e;; ~ N(0,07%) are i.i.d across i's and t's. w;; follows an
exogenous first-order stationary Markov process given by w;z = hI(wit—1) + e where, conditional on
ZLit_1, iz 18 a mean-zero i.i.d. random variable. (c) ('yf ywit) € Ly and e & L.

Assumption 6. (a) Firms are price-takers in both output and input markets, where Py, and Py, are the
prices of output and intermediate input in year t. (b) (Py,, Pv,) are observed by firms at the beginning of
the period before Vi, is chosen.

Assumption 7. Vj;'s are chosen at time t by maximizing the expected profit conditional on information L,
at time t and conditional on the value of (K;;, L;,). The profit maximization problem for firms with type j
technology is given by

Vit = arg mélXPY,t]E[eXP(EitﬂDi = j]th(‘/v K, Litawit) - PV,tV~ (36)

In Assumption [§[a), each firm’s production function belongs to one of the M types. Assump-
tion [B[b) assumes that the idiosyncratic productivity shock follows a normal distribution. As-
sumption c) assumes that both the aggregate shock 7/ and the serially correlated productivity
shock w;; are observed when intermediate inputs are chosen, but idiosyncratic productivity shocks
are unknown. Assumption [f]states that firms observe input and output prices when deciding on
Vit. Assumptionﬁ] assumes that V;; is chosen to maximize the current expected period profit con-
ditional on the value of (K, Lit)E]

4We are agnostic about the timing of choosing K;; and L;; as long as they are either determined before Vj; or si-
multaneously chosen with V;;. It is reasonable to assume that capital input K;; is determined before the value of V; is
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Given the above assumptions [f} [} and [7, we derive an empirical specification based on the
first-order condition of the profit maximization problem (36), following the idea developed by
Gandhi et al.| (2020) and extending to a finite mixture production function modeled by Kasa-

hara et al.[(2022). Note that Elexp(e;;)|D; = j] = exp(a3/2) for e;x ~ N(0,07). Then, because
OF] (Vit,Kit,Lit)/OVi

8y = T (Ve Kor Lag) V. - for the Cobb-Douglas production function, the first-order condition with
ity it it it
respect to Vj; in (36) together with the production function (35) implies that:
1,5 )
sit = logdy j + iaj —¢¢ forD; =7, (37)

where
s = log (PV,tVit>
L= Witrit
Py Y
is the logarithm of the ratio of intermediate input cost to revenue.
Collect the observed data as W, = {si,log K;1}{_;. Let u; = logd,; + 1o2 and de-

2
fine a type-specific parameter to be 8; = (u;j,0;), where 4, ; can be identified ﬁiom 0; as
v = exp(p; — 03/2). Collect the parameters of each type and the mixing probability as
Oy = (al,...,aM,hH .. GT) Recall that €;; i N(0, o; 2) over i and t conditional on the
technology type D; = j. Then, from (37 ., we can write the density function of s;1,...,s;7 as a

mixture of type-specific likelihood density similar to the density function in equation (T):

- M T i S — 1
Frr (W5 9) —Z Ha : (38)

0j

The penalized maximum likelihood estimator is defined as
Dy = argmax Y _log far(Wis Oar) + pn(Far)-
REt Rt

As an alternative specification, we allow the elasticity of output for intermediate input to be
a function of log K;; as logd, ; = Bo,; + Br,jlog K. This results in the logarithm of the ratio of
intermediate input cost to revenue being linearly related to log K;; as s;+ = p; + B, jlog Ky — €3
for D; = j with pu; = fo; + 307 In this case, the conditional density function of {s;;}{_, given
{log K; }1, is

Moo L1 (siu— oy — B log K
1'"(9 _ ) L it — Mj — Pk,g it )
Far (W) ;ajt]jla_jsb( 9)

9j

chosen. On the other hand, labor input L;; may be flexibly chosen simultaneously with V;; after 'yﬁ and w;; are observed.
Even when labor input is simultaneously chosen with intermediate input, equation and the corresponding first-order
condition characterize the intermediate input choice once we interpret L;; in as the optimal value chosen by firm i as
discussed in|Ackerberg et al.|(2015).
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In addition, we consider a specification in which we include not only log K;; but also log L;; as a
regressor:

(40)

M
W) => o [[ =¢

o
j=1 t=1 7

(Sit — pj — Br,jlog Kyt — Be ;log Lit)

9j

9.2 Empirical result

We apply the EM test to two producer-level data sets to determine the number of production
technology types. We used the production data from the Japanese publicly traded firms from 2003
to 2007 and the Chilean manufacturing plants from 1992 to 1996E] We cleaned the data and used the
firms/plants with continuous data entry for five years to ensure that we had balanced panel data.
We focus on the three largest industries in terms of the number of firms and plants for each country
(chemical, machine, and electronics for Japan and food products, fabricated metal products, and
textiles for Chile). Table [f] presents the summary statistics for the revenue share of intermediate
materials and the log of gross output in these industries. The within-industry standard deviations
of the revenue share of intermediate materials are substantial across all industries, suggesting that
intermediate input elasticities differ across firms within the narrowly defined industries.

5Please refer to/Kasahara et al. (2021) and [Kasahara and Rodrigue| (2008) for the details of the datasets of the Japanese
publicly traded firms and the Chilean manufacturing plants, respectively.
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Table 6: Descriptive statistics for the revenue share of intermediate material and the log of gross
output for the Japanese firms and the Chilean plants

Panel A: : Japanese publicly traded firms

in log(¥ir)
Industry NObs n mean sd mean sd
Chemical 805 161 0.34 0.15 17.52 1.24
Machine 790 158 0.50 0.16 17.31 1.35
Electronics 775 155 0.45 0.18 17.54 1.27

Panel B: Chilean plants

in log(¥ir)
Industry NObs n mean sd mean sd
Food products 4645 929 0.65 0.15 10.62 1.66
Fabricated metal products 1260 252 0.53 0.18 11.00 1.37
Textiles 1130 226 0.58 0.19 11.01 1.32

! The summary statistics are based on the Japanese firm-level data from 2003 to 2007 and
the Chilean plant-level data from 1992 - 1996. All observations with log(V;;/Y;;) < —3 and
log(Vi¢/Yi:) > log(2) are removed. The data set is a balanced panel, i.e., we kept firms/plants that
are continuously observed for these five years.

2 The variable }Iz“ji}‘f: is defined as the revenue share of the intermediate input, where Py ; is the
average price of the intermediate input at time ¢, Py, is the average price of the output, V;; is the

quantity of the intermediate input and Y}, is the quantity of the output.
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Table 7: The EM test for Japanese producer without conditioning variables

M=1 M=2 M=3 M=4 M=5

T=3
Chemical EM 436.37°** 239.83*** 130.1%** 126.4*** 63.24***
BIC 805.55 383.43 157.5 41.62 -70.46
Electronics EM 563.94*** 186.67°** 115.82*** 81.06™** 47.76%**
BIC 814.01 264.27 91.67 -10.39 -77.2
Machine EM 434.91*** 194.48*** 72.83%** 56.94*** 54.77**
BIC 458.72 37.85 -142.28 -200.74 -242.71

T=4
Chemical EM 629.22%** 308.6%** 181.39*** 177.38%** 96.35***
BIC 1071.45 456.54 162.15 -4.99 -168.01
Electronics EM 803.15%** 282.32%** 167.83*** 106.43*** 89.93***

BIC 1081.48 292.68 24.54 -484.46

Machine EM 620.95*** 292.52%** 118.37*** 102.57** 75.32%**
BIC 609.1 2.14 -276.04 -380.16 -467.96

T=5
Chemical EM 818.38*** 386.08*** 219.13*** 209.42*** 118.25***
BIC 1331.53 527.48 155.86 -48.53 -243.73
Electronics EM 1024.86*** 375.29*** 226.01*** 134.53*** 126.36™**
BIC 1343.12 332.61 -28.32 -239.31 -359.17
Machine EM 819.98*** 389.69*** 156.44*** 149.98%** 96.32***
BIC 775.75 -30.17 -406.59 -548.81 -683.96
! The estimation is based on the revenue share of intermediate material. 2 *, **, *** indicate the result is

significant at 10%, 5% and 1% levels respectively.
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Table 8: The EM test for Chilean producer without conditioning variables

M=1 M=2 M=3 M=4 M=5

T=3
Food products EM  805.51*** 637.77°" 204.92*** 80.54*** 72417
BIC 422.55 -371.13 -991.96 -1176.61 -1236.82
Fabricated metal products EM  238.84™** 68.91*** 26.24*** 24.42*** 21.82***
BIC 719.74 496.49 444.02 433.01 425
Textiles EM 229.87** 146.17*** 64.76*** 27.06*** 29.98"*
BIC 635.37 418.28 288.34 236.9 223.34

T=4
Food products EM 1165.08*** 874.27** 257.49*** 130.61*** 139.59***
BIC 41947 -730.83 -1586.11 -1825.87 -1938.03
Fabricated metal products EM 362.1"** 120.77** 41.6™* 43.68™" 20.95""
BIC 905.9 559.3 453.41 427.34 399.82
Textiles EM 325.17°* 222.28%** 74.19%** 47.58%* 51.65***
BIC 821.73 510.98 303.8 24351 210.77

T=5
Food products EM 1553.9*** 1010.31*** 290.02*** 172.46*** 155.25***
BIC 471.66 -1066.71 -2057.71 -2329.38 -2484.82
Fabricated metal products EM  478.94*** 176.5*** 58.96"* 59.37°" 33.19""
BIC 1101.11 637.21 477.1 433.62 389.54
Textiles EM 428.29*** 280.46™** 103.41*** 56.63*** 53.57"**
BIC 968.16 556.01 289.55 201.41 160
! The estimation is based on the revenue share of intermediate material. 2 *, **, *** indicate the result is

significant at 10%, 5% and 1% levels respectively.

To determine the number of components, we test the null hypothesis Hy : M = M, against
H, : M = My, + 1 by applying the EM test at the 5 percent significance level sequentially for
My = 1,...,5. If we fail to reject the null hypothesis at a certain My = M, then we conclude
that there are M types of intermediate input elasticities. We consider both the models without
conditioning variable and the models with conditioning variable (39)-(40).

Table|7|and [ report the result of the EM test for the model without conditioning variable (38)
from the Japanese and the Chilean industries, respectively, with the panel length of T' = 3,4,5
and the null model of M = 1,...,5. For all industries in both countries and all panel lengths, we
reject the null hypothesis of Hy : M = M, for all My = 1,2,3,4, and 5 at five percent signifi-
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cance level, indicating that the number of types for intermediate input elasticities is at least five
types. This result reflects a considerable and persistent heterogeneity in the revenue share of inter-
mediate materials across firms or plants, providing strong evidence for substantial heterogeneity
in intermediate input elasticities across firms’ production functions in Japanese and Chilean pro-
ducers. Our findings serve as a caution against the conventional empirical practice of estimating
the Cobb-Douglas production function, which assumes that the elasticity parameters are common
across firms. Given the strong evidence of heterogeneity in production function coefficients, incor-
porating heterogeneity in production function coefficients in empirical applications is warranted
and should be encouraged.

On the other hand, one possible reason for the estimated number of technology types being
greater than five is that the assumption of the Cobb-Douglas production function may be too
restrictive. When the production function is not Cobb-Douglas, the revenue share of intermediate
materials generally depends on the value of production inputs (Gandhi et al., 2020). For this
reason, we test the number of technology types when the revenue share of intermediate materials
depends on the value of capital input as well as labor input by estimating the models (39)-(#0).

Table 9| presents the results of the sequential hypothesis test and the BIC when estimating the
mixture regression model with log K;; in using data with a panel length of 7' = 3. For the
Japanese Chemical, Electronics, and Machinery industries, the sequential hypothesis test suggests
that the data is generated from seven to nine-component models; concurrently, the BIC selects
models with at least ten components. For the Chilean Food industry, the sequential test indicates a
ten-component model, while the BIC chooses an eight-component model. In contrast, the sequen-
tial hypothesis test and the BIC, respectively, select models with seven and six components for the
Chilean Fabricated Metal Products industry and the Chilean Textile industry.

Table [10| reports the results for the model that includes both log K;; and log L;; as regressors.
Across six industries, both the results of the sequential hypothesis test and the BIC in Table
select models with at least five components, providing evidence for substantial heterogeneity in
production technology across firms and plants. Comparing the results of Table 10| with those
of Table E} the selected number of components for the model with log K;; and log L;; is smaller
than that for the model with only log K. This suggests that the number of components may be
overestimated if we do not consider a sufficiently flexible production function specification by
excluding some regressors.
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Table 9: The EM test and the BIC (Dependent Variable: log PvaVie, Regressor: log K;;)

Py +Yit
Mo 1 2 3 4 5 6 7 8 9 10
Japanese Chemical
EM 459.4***  236.36***  125.42"**  118.36™** 87.63™**  53.72"**  38.69***  34.07** 36.47 -
BIC 1384.76 943.61 726.53 620.32 518.86 449.92 413.49 394.46 381.48 366.09
Japanese Electronics
EM  560.06*** 213.82*** 116.29"** 78.81***  47.05***  40.77"** 27.4** 29.02 - -
BIC 1332.14 788.19 593.44 495.74 434.15 406.77 385.45 372.63 367.31 351.17
Japanese Machine
EM  433.19"**  202.92*** 80.42*** 76.82***  53.83"** 34.62*" 55.65 - - -
BIC 1355.6 940.49 757 696.06 638.48 617.4 588.94 568.71 555.15 544.51
Chilean Food Products
EM  816.06™** 489.37*** 169.14***  80.88*** 80.63"** 52.67*** 31.20"**  17.16"* 20.55"**  —60.46
BIC 6759.39 5962.74 5499.3 5356.47  5301.31 5241.91 5210.27 5200.71  5210.77 5222.29
Chilean Fabricated Metal Products
EM  199.35*** 63.25%** 49.24*** 30.27** 15.73** 18.25** 10.88 - - -
BIC 1923.64 1744.72 1699.97 1670.93  1661.03  1659.54 1665.08 1669.02 1680.96 1695.54
Chilean Textile
EM  201.86***  95.17***  61.43***  3L17"**  14.12*  17.45" 7.94 - - -
BIC 1681.91 1499.99 1424.93 1380.93  1368.65 136494  1365.72 1370.72  1382.83 1392.24

! The estimation is based on the revenue share of intermediate material using the panel data of length 7' = 3.

2 % ok
s

, ™" indicate the result is significant at 10%, 5% and 1% levels respectively.
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Table 10: The EM test and the BIC (Dependent Variable: log ﬁ;"vi‘

tYit

, Regressors: log K;; and log L;;)

Mo 1 2 3 4 5 6 7 8 9 10
Japanese Chemical

EM 41235 224.09°**  141.59*** 132.24**  121.56 - - - - -
BIC 1294.05 905.44 705.72 587.3 490.07 479.74 389.05 390.29 382.28 372.69
Japanese Electronics

EM  573.11"** 218.38*** 116.07"** 94.76** 47.73 - - - - -
BIC 1336.69 784.95 590.73 498.55 426.23 389.91 372.05 371.64 359.15 368.25
Japanese Machine

EM  468.06"** 204.01***  93.35"** 81.62*** 62.00"** 37.04***  14.21 - - -
BIC 1360.56 915.69 736.2 676.26 625.66 596.45 564.34 548.7 = 536.78 539.64
Chilean Food Products

EM  805.09**  478.64*** 177.08***  84.13*** 80.96"** 51.97*** 32.3*" 19.50 - -
BIC 6732.11 5952.7 5506.55 5362.27  5309.37  5257.78 5233.37  5229.9 52429 5258.41
Chilean Fabricated Metal Products

EM  204.45"**  63.57°**  49.42***  28.61*** 18.32 - - - - -
BIC 1926.06 1747.29 1709.44 1685.39  1678.71 1680.54 1685.02 1696.19 1703.21 1723.56
Chilean Textile

EM  203.69"** 90.69*** 58.4***  32.55"** 16.19 - - - - -
BIC 1673.99 1495.55 1431.18 139454 138259  1373.03 1368.8 1382.42 1394.3 1394.09

! The estimation is based on the revenue share of intermediate material using the panel data of length 7' = 3.

2 % ok
s

, ™" indicate the result is significant at 10%, 5% and 1% levels respectively.



10 Conclusion

The selection of the number of components in a finite normal mixture panel regression model
is a crucial practical issue that must be addressed with care. Arbitrarily choosing the number
of components can result in biased estimates, invalid inference, and reduced credibility of the
final outcomes. To tackle this issue, this study proposes the PLRT and an EM test and derives
their asymptotic distribution for the null hypothesis of a model with M, components against the
alternative hypothesis with (My + 1) components. We also develop a procedure to consistently
select the number of components by sequentially applying the PLRT and EM tests. Through a
simulation exercise, we demonstrate that the proposed sequential hypothesis testing procedure
exhibits good performance in finite samples.

As an empirical application, we estimate the number of production technology types using
producer-level panel data from Japan and Chile. We find that most industries in our dataset exhibit
a level of heterogeneity that requires a five or more-component mixture model when using the
Cobb-Douglas production specification or a specification in which the elasticity of inputs depends
on capital and labor input linearly. This suggests strong evidence for the presence of unobserved
heterogeneity in technology types. One important caveat of our empirical exercise is that the
class of production functions we investigate may be restrictive. Investigating production function
heterogeneity with more flexible function forms is an important future research topic.
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A Proofs of propositions

Proof of Proposition|l, We first consider a model with intercept parameter and variance parameter
but without covariates with W; = {y;; }1_,.
Define
= LXT:(Y- —Y;)? with Y; = lzT:Y
_T_ltzl o Z_Tt:l "
where s? follows the chi-square distribution with the 7' — 1 degrees of freedom. Let i* =
argmin;—1 _,{s?} so that s = min{s?, ..., s2} be the minimum of s? across all i’s. We consider a
sequence of parameters 92 ,, = (v, 01 ,,,05,,) " with a,, = 1/n, 01, = (1,0,0%,)" = (Yi-,s2)7,
and 0,, = 0* = (u*,0*)7 for all n. Because LR*(¥2,) < LR*(9,,), it suffices to show that
LR} (92 ) is unbounded in probability.
Define

T 2
.0) — o - T 2 _ T 1 Yio—p
(W ;:0) = log f(W;6) = — logo® —  log(2r) QZ( . )

Then, the likelihood ratio test statistic for a two-component mixture is written as:

LR;(ﬁz,n)=2{ilog<anﬁgl qb(Y “”) (1-ap) ]Z[U1 (” )) Zf WZ,B*}

o
i=1 t=1 O Lm Ln t=1

=2 Z {log (exp(log ay, + £(W501.1,)) + exp(log(l — ) + (W ;;0%))) — 6(W;;0%)}

i#ir
+ 2 {log (exp(log ay, + €(W i+ 01 ,,)) + exp(log(l — o) + £(W i+, 0%))) — (W ;«;07) } .
(41)
The first term on the right hand side of can be re-written as:
2(n — 1)log [ =2 +2 log (1+ L ep(t(Wi:01,) — (W 1 6%)
= - X iy n) — s )
g " & g n—1 p 1,
which is bounded from below by —1 as n — oo because lim, o 2(n — 1)log (1) = —1 and

log (1 + A5 exp({(W;;61,,) — L(W; 6*))) > 0 for all n.
The second term on the right-hand side of is written as

2{—logn +{(W;+;01,)} +2log (1 + (n — 1) exp({(W;+;0") — (W ;+; 01 ,,))) — 20(W ;»;07),
(42)

where 2{—logn + {(W;-; 601 ,)} diverges to infinity as n — oo by Lemma [1, while the second
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term in is bounded below from zero and the third term, is bounded in probability because
U(W;+;0%) = O,(1). Therefore, for any M < oo, we have Pr (LR:(ﬂzn) < M) — 0asn — oo.
The stated result follows from LR*(93.,,) < LR%(J.,) for all n.

For a model with covariates, we may consider a sequence of parameters ¥,, =
(s 07 1,05 s vi) T With ay = 1/, 010 = (10,02, 81,)7 = (Ve — Z.v",s%,07)T with

1,n s %
Zi- = (YD), Zit, 02, = 0" = (u*,0%,(8°)7)T, and ~,, = v*. Then, repeating the above
argument, the state result follows. O
Proof of Proposition |2} The stated result follows from repeating the proof of Proposition@ O

Proof of Proposition|3| The proof follows that of Proposition 2 inKasahara and Shimotsu/(2012). For
a vector x and a function f(x), let V,« f(x) denote its k-th derivative with respect to &, which can
be a multidimensional array. Observe that, for any finite £ and for a neighborhood N of ", we
obtain

BV yrg(Wis 9™, a) [g(W i 9", 0)|* < o0,

Ell sup Vyrlogg(Wisep,a)|* < oo,
PEB NN

(43)

because each element of V ,« log g(y|z, 2; 1, a) is written as a sum of products of Hermite polyno-
mials. Note also that the following holds:

vn/\jLn('lp*a Oé) = 07 V/\i)\j)\kLn('lp*a Oé) = Op(n1/2)a (44)
vaAiLn(¢*v a) = OP(”)? vman('lp*v a) = Op(n)v (45)

where equation follows from Proposition(a)(c) and ({@3) while equation [{@5) is a simple con-
sequence of (#3). Furthermore, for a neighborhood N of 4",

sup ‘n_lv(4)Ln(1/J, o) — EVW log g(W; v,b,a)’ = 0,(1), (46)
PEO NN
EV®g(W 54, @) is continuous in e Oy NN. 47)

Equations and (#7) follow from Lemma 2.4 of Newey and McFadden| (1994) and the fact that
Vi log g(w; 1, o) is written as a sum of products of Hermite polynomials.
Taking a fourth-order Taylor expansion of L, (1, «) around %" and using and (44), we can
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write L, (1, @) — L, (1", &) as the sum of relevant terms and the remainder term as follows:

Ln(":va‘) - Ln(’(,b*7 a) =

1 q+2 g+2
VLo =n")+ 5;(n=n") " Vyr Ly Q,ZZVMLM (48)
=1 j=1
q+2q+2
3! ZZ n=1") Vo, Lpid (49)
i=1 j=1

q+2 q+2 q+2 q+2

4] ZZZZVA Aj )\k)\an)‘ )‘ Ak}‘[ +R (1/% )7 (50)

i=1 j=1k=1¢=1

where VL, denotes the derivative of L, (1, a) evaluated at (¢*, ). In view of ([@4)-{@5), the re-

mainder term is written as

q+2 q+2 q+2 q+2
Ry (3, ) n2) 3 TN TN AN A+ Op( )<Zln—n*ll2&+lln—n*l3> (51)

i=1 j=1k=1 i=1
q+2 q+2 q+2
+0,(m) > 3> (=7 11* + llm = 1PNl + [l = 0¥ P+ L — 07 [lIAaA, M)
i=1 j=1 k=1

(52)
q+2 q+2 q+2 q+2

+u Z DD Vi La(® @) = Vaoa ol L7, )} ArAe (53)

=1 j=1 k=1 ¢=1

with 1" being between v and +*. Because ||v/nt (1), )H2 = nlln —n*)? +n Y7 Z] a1 -
a)?|\; A%, the right hand side of (51) and the terms in (52) are bounded by O, (1)(||\/nt(v, o H +
[/t (3, )| P)(lm =" ||+ [IAI])- Inwewof 46) and (47), (53) is bounded by [|v/nt(3, o)|[2[d(y") +
0,(1)] with d(2p") — 0as+’ — 9*, where a function d(’l,bT) corresponds to n”'E[Vx, 5, a0 x, Lo(¥', 0)—
Vo an (87, ). Therefore, R (1, ) = (1 + [[y/t(s, o) D[d(") + 0,(1) + Op([l — %[,
and part (a) follows.

Part (b) follows from Lemman c)(d), the Lindeberg-Levy central limit theorem, and the finite-
ness of Z in part (c).

For part (c), we first provide the formula of Z,,. Partition Z,, as

I IAn

Zon Zoxn
In: < " ™ )7 Inn(p+q+2)x(p+q+2)a In)\n:(p+q+2)qu7 IAn:qAXq)\a
nin

where gy represents the number of unique terms in > %' Zq+ SIS NN A T
is given by Z,, = -n"'V,,7L,(¥*,a). For Iyx, let A;; = n"'VyaLo(¥*, )
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and write the term in as (n/2) Y47 Zq+2( — )T AN = a Y Zj Leii(n —
n*)TAij Aidj, where the cij’s are defined when we introduce 6997 f* after @) Then, by
defining Zpx, = —(c11d4i11,...,¢qq4qq, 12412, .., Cq—1,¢Ag-1,4)/a(1 — ), the term in (49)
equals —n(n — n*) " Iyan[a(l — @)v(A)]. For Ix,, define Bijre = n1(8/4)Va,x,xn Ln (9", @)
so that the first term in 1) is written as (n/8) 3%} Zq” IS Bl di A Ak he =
(n/2) Zq+2 ZJ L ZZ*? e 1 CijCheBijreidjAkAe. Define Ty,, such that the (ij, k¢)’s element of
I xn is —cijckeBijre/a*(1—a)?, where the ij’s run over {(1,1),...,(q,q),(1,2),...,(¢—1,q)}. Then,
the first term in equals —(n/2)[a(1 — a)v(N)] Tan[a(l —a)v(X)]. With this definition of Z,,, the
expansion - is written as in terms of /nt (v, av).

We now show that Z,, —, Z. ZI,, —, I, holds trivially. For Z,x,, it follows from
Lemma3(c) and the law of large numbers that A;; —, —E[V,l(W;9*, a)V,\ [(W; 9%, a)], giving
Inan —p E [spsin/a(l — a)] = Iya. For Iy, Lemma d) and the law of large numbers imply
that Y07 3002 00 502 B A A

—yhat? Zq+2 D By A E[Vax, LW 4%, a)Vaa, (W5 4%, a) XX Ak Ae, where the factor (8/4!) =
1/3 in B;jxe and the three derivatives on the right hand side of Lemma d) cancel each other.
Therefore, we have T, —, E [saxsiy/0*(1 — a)?] = I, and Z,, —, T follows.

We complete the proof of part (c) by showing that Z = E[s(W)s(W)T] is finite and non-
singular. Note that s(W) can be expressed in Hermite polynomials as in (74). Then, the finiteness
of Z follows from Assumption a) and the definition of Hermite polynomials.

To show that Z is positive definite, it suffices to show that there exists no multi-collinearity in
s(w). Suppose, on the contrary, that s(w) is multi-collinear and that there exists a non-zero vector
T )T

a that solves the equation a " s(w) = 0 for all values of w. Partition s(w) as s(w) = (s (). 8(s)

. _ T (T T oT T T T : -
with 8¢,y = (8550, 5),,1 5240 S2,,)  and s(gy = (sﬂ,s,y,skw,s%ﬁ,s/\ﬁﬂ) , where s(w) is defined

in @) and . Similarly, partition a as @ = (a(,), as)) " so that
a's(w) = a(T#)s(M) + a&;)s(ﬁ). (54)

By Assumption b) and the property of Hermite polynomials, if a' s(w) = 0 for all w, then
ag) = 0.
Then, in view of lb the stated result follows if we can show that a(Tm 8¢y = 0 for all w implies

a(,) = 0. Suppose that

T
aEL)s(H) =ay, ;H}’; + (ag + ax,, Z : + A ;;H}IHI*
= s#t
T
tax,, Y HY +a, ZzHl*HQ* +3an,. ZH;*: ‘”” ZZH?;W* _
t=1 t=1 s#t t=1 st
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for all w, where Hf 7 for j = 1,2, 3 is defined in in Appendix
Because the above equation hold for all values of w, with the property of the Hermite polyno-
mials, we have a, = 0, (a, +ax,,) = 0,ax,, = 0,ax,, = 0,ay,, = 0. This implies that a(,) = 0.

Therefore, there exists no multi-collinearity in s(w), and Z is non-singular, proving part (c). O

Proof of Proposition[4] The proof is similar to that of Proposition 3 in Kasahara and Shimotsu! (2015).
The proof of part (a) closely follows the proof of Theorem 1 of |Andrews| (1999). Let T',, :=
Z'/2/nt(v,,, o). Then, in view of , we have

0p(1) < Ln(thg, @) = L (37, )
= T2, 28, LTl + Ra(db,0)
1 _
= Op(|ITall) = SIITwl* + (1 + |25 /2T ) 0p(1)
1

= ITull0p(1) = SITnl* + 0p([Tnll) + 0p(||Tnl*) + 0p(1),
where the third equality holds because z;'%s, = 0O,(1) and Rn(,,a) = op((1+ 1Z; Y%7, )?)
from Propositions2Jand 3] Rearranging this equation yields ||T',||* < 2||T,||O,(1) +0,(1). Denote
the O,(1) term by ¢,. Then, (||Tx|| — sn)? < 2 + 0,(1) = O,(1); taking its square root gives

[|Ty|| < Op(1). In conjunction with Z,, —, Z, we obtain Vit(P,,, o) = O,(1), and part (a) follows.
For part (b), noting that L, (¢*, &) = Lo (7§, 0;), write

LR, = max Q{Ln("]}av @) — Ln(w*v a)} - 2{[;07”("5’0, 90) - LO,n(737 93)} (55)

acle,1—¢]

Define

s _ S _ n2Y s, (W) Sxmn = San —IanZy ' Snn,  Gamn =Ly Sxmn,
) Sxn n-1/2 Z?:l SA)\(Wi) t"l)\ = tn — InI;;\tA()\, Oé)7

and split the quadratic form in (12) to obtain
Q{Ln(¢a Oé) - Ln("/"*v a)} = Bn(\/ﬁtn,)\) + Cn(\/ﬁt)\(Aa Oé)) + Rn(wv O‘)a (56)
where

Bu(tnx) =2t} xSnn — tg \Intnx,
Cn(t)‘) = ZtIS)\)',m — t;\rl—)\mt)‘ (57)
= G TanGamn — (ta — Gamn) "Ian(tx — Gamn),
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with Gamn % Gam = (Tan) 'Sam and Sxpn 5 San ~ N(0,Zx). Also, Ry (P, a) = 0,(1)
holds from Proposition a) and v/nt(,,, a) = O,(1).

Because A, ¢ f (%5 4, 9;) is identical to A,, f(; 9", @), a standard analysis gives 2[Lo_. (9o, 60) —
Lo (7§, 0p)] = maxe, B,(y/nty) + 0p(1). Note that the possible values of both \/nt, and \/nt, x
approaches R?*2. Therefore, in view of (56)-(57), we can write equation as

LR, = Cn(\/ﬁtk(j‘v OZ)) + Op(l)a (58)

where A is defined in (14).

The asymptotic distribution of LR,, follows from applying Theorem 3(c) of (Andrews, 1999,
p-1362) to ( and (5§ . First, Assumption 2 of |Andrews| (1999) holds because Assumption 2*
of Andrews (1999) hold because of Proposition 2(a). Second, Assumption 3 of |Andrews| (1999)
holds with By = n!'/2 and T" = n because Sj ., S Sxn ~ N(0,Zx,) and Iy, is non-
singular. Assumption 4 of |Andrews| (1999) holds from part (a). Assumption 5 of |Andrews
(1999) follows from Assumption 5* and Lemma 3 of |Andrews| (1999) with by = n'/2 because
a(l — a)v(©y) is locally equal to Ax. Therefore, it follows from Theorem 3(c) of |Andrews| (1999)
that C,, (v/nta(X, @) S (tx) "I nta, where t is defined by .

O
Proof of Proposition Under H» o, we obtain the 957,41 € T3,
{vah log fMo+1(W74719M0+1)} ]
{f (w; Hhaa'h f(w'HMO»UEO)}2d
w
] 1a*f(w ll’_]v )
/ {f w; Hhvah)}Q dw+ {f(w.ux];/[():oﬁ]c\/[o)}Q d'w—Z/ f(w;l-‘l‘hvo-h)f(w.“}kbfo’ 7\40)dw
ZJ 1Oé*f w; IJ‘Jv ) Zj 1a*f(w;p’;70' ) ZJ 1a*f(w ujv )
(59)

The latter two terms on the right-hand side of @I) are bounded because f(w; py, , 07, )/ Z i o fwspi, o) <
(1/a}y,) for any w and f(w; u, o) integrates to one. Therefore, the left-hand side of (59) . goes to
infinity if and only if the first term on the right-hand side of goes to infinity.

Mo :
Because max; a; <} o < Mo max; o, we obtain

O Ywpen)Y - Ufwme)y  _ (fwipon)
Mo max; (o] f(wi 15,050} = S g f(w; g, o) masg{agf(wi g, o)}

Without loss of generality, we assume that o}, = max{o7,...,0%, } and the maximum is
unique. Then there exists M € (0,00), such that max;{a} f(w, u},0%)} = afy flw, w03,
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when |y,| > M ¥Vt =1,...,T. Note that

T * 2
{f(w; py,, 1) }2 1 2 1 2
flws iy o3,)} 1;[ 27r 1/2 2 xp o2 o7 We = hn)” + 2(3s, )Q(yt Hito) (©0)
G TN B S XT: 1 XT: o
(27T)1/2JiT 0'}21 =1 X/[ 2 t=1 ]MO

The stated result follows because the integral of this over |y| > M is finite if o7 /o3; < 2 and

infinite if 0 /o3; > 2. When 0}, /o3; = 2, itis finite if y1, = p},, and infinite if py # (1, . O

Proof of Proposition[6l Our panel data model can be viewed as a special case of the T-dimensional
multivariate normal mixture models, where the variance-covariance matrix for each component
is given by a T x T diagonal matrix, ¥; := diag(c?,...,03). Chen and Tan| (2009) provides the
consistency proof for the penalized maximum likelihood estimator for a multivariate normal mix-
ture under their conditions C1-C3 for the penalty function but |Alexandrovich| (2014) identifies a
soft spot in the proof of [Chen and Tan| (2009) and provides an alternative consistency proof by
strengthening the condition C3 of|Chen and Tan! (2009). Their p,, (G) and p,,(G) correspond to our
Dn(¥2) and p,,(¥2), respectively; consequently, the condition C1 and C2 in |[Chen and Tan/ (2009)
and a version of condition C3 strengthned by Alexandrovich|(2014) can be stated in our notation
as follows:

C1. The penalty function is written as p,, (V) = Zj\il pn(03)

C2. For any fixed 9y with 0'J2 > 0 for j = 1,2,..,M, we have p,(9y) = o(n) and
SUPy,, c@,, Max{0,pn (Y1)} = o(n). In addition, p,(9) is differentiable with respect to
=o(n

9y and as n — o0, Vg, in(92r) = o(n'/?) at any fixed ¥ such that o5 > 0 for j = 1,2,..., M.

A version of C3 by|Alexandrovich|(2014). For large enough n, p,(03) < (2y/nloglogn) log(07),
when o7 < cn™? for some ¢ > 0.

The consistency of the PMLE, 9 M, and 9 My+1, follows from Theorems 1 and 3 of (Chen and Tan
(2009) and Corollary 3 of|Alexandrovich|(2014) if we can show that the above three conditions hold
for our penalty function (3). Given (3), C1 trivially holds. Under Assumption[I[b), C2 also holds
because a,, = O(n'/4=¢) with ¢ > 0 implies a,, = o(n) or o(n'/?), and Dg2pn(9) = —an(—03 /(%) +
1/02) = o(n'/*) if 0 > 0. For C3, suppose that 0? < n~2. Then, because a, = o(n'/*)
and a, > 0, pn(0;) = —an (0; %08 + 2log(0;/00) — 1) < —cn (n”*0f — 2n°/*log(nog) — n'/*) <
( %\/W) 2log(n) when n is large enough, where ¢, is a sequence of positive numbers that
are bounded. Therefore, p,(9,) satisfies the above three conditions, and the stated result fol-
lows follows from Theorems 1 and 3 of |(Chen and Tan| (2009) and Corollary 3 of |Alexandrovich

(2014). 0
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Proof of Proposition[7} For h = 1,..., My, let ;¥ C ©y,, ., (¢) be a sufficiently small closed neigh-
bourhood of T3, such that ap, 41 > 0 hold and Y5, ¢ N if & # h. Consider the fol-
lowing one-to-one reparameterization from the (M, + 1)-component model parameter ¥z 41 =
(a1 ntgs 0] 4,0, ,0, 1,04, 1,7")T. Similarly to , the one-to-one reparamteriza-
tion for testing the null hypothesis Hy 15, is given by

An 0y, —0p. 0, v+(1—7)A
= so that =
vy 70+ (1 —7)0h 11 0n11 v—TA
and reparameterize o; for j = 1,2,..., My as

(7T17'-' ,7Th71,7Th77Th+17..-,7TM071) = (a17'-'7ah717(ah +ah+1);ah+27"'7aMo)

T =ap/(an + apg1)

Mo—1
so that 1, = ap + apyr and Ty, =1 — ijol

Collect the reparameterized parameters except 7 as

7Tj.

Yo, =" A)" with = (..., 71,0 ,...,00_1,v) .00 5.....00 1,7

In the reparameterized model, the null restriction 6, = 8,4 implied by H 15, holds if and only if
An = 0. Under Hy 15, we have A, = 0 and n* = (o, ..., 1, (07) ", ..., (03,) ", (v*) 7). Define
the log-likelihood under the reparameterized parameters as

h—1 Mo
Fhrgn ity 1) = mg" (W, by, 7) + Y m f(wiy,0;) + Y mi fws v, 0,11),
Jj=1 j=h
where ¢" (w, 9, ,, 7) is defined similarly to @ as
gh(wv d’h,ra T) = Tf(’UJ; Y, Vh + (1 - T)Ah) + (1 - T)f(w; Y Vh — TAh)’ (61)
Define the local penalized MLE of v, , by
Mo

’lph;r = argmaXL wh T + an ¢h T ))a (62)

W NG

where Ll (), ., 7) == 20 log g" (W3, ,,7) and 02(t), ., 7) is the value of o2 implied by the
value of 1, , and 7. Because v}, . is the only parameter value in V;; that generates the true density,

p hr — Yhr = 0p(1) follows Proposition
For ¢ € (0,1/2), define the LRTS for testing Ho 15 as LRMo" := max,¢(c1-q 2(LE (), ., 7) —
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Lon(911,)) Because 62 — 03 ; = O,(n~1/*) under the null hypothesis (c.f., Proposition @a)), we

have p,(9n,+1) = 0p(1) by Assumption c), and PLRMoh — [ RMoh = ¢,(1) follows for h =
1,.... M.
Then, in view of (22), the stated result holds if

(LRYO! L LRYMO)T S () TT) \ (), () TR )T (63)
Observe that L% (1), ., 7) — L (3} ., ) admits the same expansion as L, (), &) — L, (%", @) in (13)
and (56) by replacing (v, t(2, a), tx(X, @), Sy, G, Lo, Ry, (3, ) with (7, " (" 7), th (A", 7), 8" . G! . T" | R (4", 7)),
where (S" I") is defined similarly to (S,,Z,) but replacing (s,,sax) with (3,,s%,) while
G" .= (Z")~18". Applying the proof of Proposition we have 8" 4 gh o N(0,Z") and
" 5 I". Then, follows from the proof of Propositions [3| and 4| for each local penalized
MLE by replacing (G, tx,Zx.,) with (G, ii, Iﬁm), and collecting the results while noting that

(SL,...,8Moy 4 (g1 . §Mo), O

Proof of Proposition|§, The proof is similar to that of Proposition 7 in Kasahara and Shimotsu(2015).
Let w” denote the sample counterpart of (i};\)Tlimi};\ in PropositionH such that the LRTS satisfies
2{LL (Y . 7) — Lon(Dn1,)} = wh + 0,(1), where 1, , is the local penalized MLE as defined
and w! is defined similarly to C’n(\/ﬁib\(j\7 «)) in but replacing (t>\(5\, a),Sn, Gy, Ixy) with
(tﬁ(j\h, 7), 8, G", Iﬁm) defined in the proof of Propositioni

First, we show that My (r9) = 2{PLL(94"  (10),70) — Lon(Dary)} = wh + p(70) + 0,(1).
Define 9} ,(r0) by the value of 97,41 in @ﬁ;Mﬁl(T@) = {9 € ¥} : ap/(an + apt1) = 7o}
Because 19’};0 +1(70) is the only value of 97,41 that yields the true density if 95,41 € ¥}, in
and ap/(ap + apy1) = To, 19%;11(70) equals a reparameterized penalized local MLE in the
neighborhood of 19};}0 +1(70), and ﬁ?\}ill(m) - 195\‘}0 +1(70) = 0p(1) holds in view of Proposition
El Furthermore, by the consistency of cr;»l(l) and a, = O(1), we have 15(19%;11(70)) 2 0. There-
fore, My (10) = w” + p(70) + 0p(1) follows from repeating the proof of Proposition @ Finally,
EMY % max {wh} holds because {0.5} € T and p(0.5) = 0.

We proceed to show that MpE) (10) = wl'+p(79) +0,(1) for any finite K. Because a generalized
EM step never decreases likelihood (Dempster et al.,[1977), we have

PLy (O3, (70), 7" (1)) > PLA (94, (r0), 7D (70)). (64)

Therefore, it follows from Theorem 1 of |Chen and Tan| (2009), Lemma E] in Appendix [B| and
induction that 0’;}({?1(70) - 195{}0 41 = 0p(1) for any finite K. Let 1~9M0 41 be the maximizer
of PLsy+1(9n,41, 7" (10)) under the constraint of ay,/(an + any1) = 775 (1) in an arbi-
trary small neighbourhood of 0’]@}‘0+1(T(K)). Then, 2{PLZ(1§ZIO+1,T’“L(K)(TO)) — Lon(Pa,)} =

wh + p(79) + 0,(1) holds from the definition of 19};/[0 41 and ]3({9;40 +1) = 0 by repeating the proof
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of PropositionH It also follows from the consistency of 19,;4(521(70) that PLn(@:, ) (15)) >
PLn(ﬁ%ﬁl (70), 7" (19)) + 0,,(1). Therefore, in view of , we have

~h v
PL, (0, 7" (1)) = PLu (945" (1), 7" (1)) + 0,(1) = PL (9411 (70), 7"V (7). (65)

Finally, because z{an({sv’;,oﬂ, M) (1))~ Lo (Da1,)} = wli+p(70)+0,(1) and 2{PL,, (941 | (7o), 7D (7))

Lon(@)} = Wi + p(70) + 0p(1), it follows from (65) that M (70) = 2{PL, (915"}, (r0)) —
Lon(Oa1,)} = W + p(70) + 0p(1) holds for all h. The stated result then follows from the definition
of EM{) and {0.5} € T. O

Proof of Proposition[9 Let 1, = ((v*)", AT be the value of ¢ under H,,, : ¥ = 95, and let
h=(0",hy)", where hy is defined by (3I). Let Ps be the probability measure on {W;}?_, under
9. Denote the log-likelihood ratio of P, ,, to Py; by log (ﬁ:’;’: ) = Ln(2,,a*) — L,(¢*,a*). Then,
it follows from (12) and Proposition 3| that

log —=" = hS,, — h'Th/2+ 0,(1) under Py;. (66)

d dP. . .. .
Furthermore, because S,, — N(0,Z) under Py, dP:’;: converges in distribution under Py; to

exp(N(u, 02)) with u = —(1/2)h " Th and 0> = h' Zh so that E(exp(N (i, 02)) = 1. Consequently,
Py, , is mutually contiguous with respect to Py; from Le Cam’s First Lemma (see, e.g., Corollary
12.3.1 of [Lehmann and Romano, 2005) and, in view of (66), we have

S 0 v Zh
dIPLgM 4N (( T ) ) ( T T under Py; .
log i —(1/2)h ' Zh h'Z h ZIh

S, % N(Zh,Z) underPy,

and

from Le Cam’s Third Lemma (see, e.g., 12.3.2 of[Lehmann and Romano) 2005). Therefore, the proof
of Proposition@goes through under Py, , if we replace Sx 45 An With Sx np 48 an+ (Txa—
In)\l';lln)\)hA = Sx,n +Zxnhax, and the stated result follows. O

Proof of Proposition We provide a proof for Mpir. The consistency proof for Mgy is similar.
We first prove that, when M < My, Pr(PLR, (M) > &l ) — lasn — co. Let QM (dy) =
QM (9nr) +n~1p,(9nr) for M > 2. By Assumptions c) andb), n"1pn(9ar) 2 0 uniformly over
©sy,,- Then, it follows from Lemma 2.4 of Newey and McFadden|(1994) that

sup QN (9ar) — QY (Vur)| = 0p(1), (67)

Y €Os,,
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and Assumption [#a)(b) and the standard consistency proof (e.g., Theorem 2.1 of Newey and Mc-
Fadden, 1994) give VIS ¥y for M < M. Furthermore, by Assumption c), n-t/ VDR (9n) =
0p(1) uniformly over Oy,,, and it follows from the argument in Theorem 3.2 of White|(1982) that

V(O —93,) = N(0, AM (93,) 7 BM (97,) A (93,) 7). (68)

Then, from @, , and the mean value expansion, we have QM (9;) — QM (9},) =
O,(n~1/2), and

PLR,(M)

= QN Darr) = QN (Dar) = QYT (D 10) — QY (F}y) + 0, (1).

Because QM+ (93,,,) — QM(9},) > 0 by Assumption [{f), PLR,(M)/n — o0 as n — oo. By
Lemma —n"tIng, = o(1)and &)Y, —c}, = op(1) implies that n='¢}” = o,(1). Therefore,
when M < My, we have Pr(PLR, (M) > é&*, ) = Pr(PLR,(M)/n > &', /n) — 1asn — oo.

When M = M, because PLR,,(M,) = O,(1) by Propositionl?]and eM . — oo by g, = o(1),

1-qn
Pr(PLR, (M) > & ) = 0asn — cc. O

B Auxiliary results and their proofs

B.1 Lemmas
Lemma 1. Forany M < oo, Pr (—logn + (W ;Y- s%.) < M) — 0as n — oo.

Proof of Lemma Because Zthl M =T — 1 when { = i*, we have

L

- T T T-1
—logn + €(W;-; Y-, 5%) = —logn — Elogs?* - 510g(27r) ——

= —log (Cn(s?*)T/Q) , (69)

for some positive constant C.

Therefore, to prove the stated result, it suffices to show that, for any e > 0, Pr(n(s%)7/? >
€) — 0 as n — oo. Given the property of the first-order statistic, the distribution of sZ is given by
1—[1—Fp_1(s)]", where Fr_;(s) is the cumulative distribution function for chi-squared variables
of degree T' — 1. It follows that

Pr(n(sf.)"/? > €) = [1 = Fr_1((¢/n)*'")]".
When T = 3,1 — Fr_y(s) = e~*/2 and Pr(n(s2)7/2 > ¢) = e=“"""* for some positive constant C

and, therefore, Pr(n(s2.)”/? > ¢) — 0 as n — 0o, and the stated result follows.
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For general T' > 2, write

nFT,l((e/n)z/T)

|:1 . FT_l((E/TL)z/T):|n _ { [1 _ FT_l((E/n)Q/T)] Fp_1((e/n)2/T) } . (70)
Then, because (1 — F)F — 1 when F — 0, the stated result follows from 1} if we can show

Fr_((ex)*/T)

—ocasz — 0
for x = 1/n. By applying L'Hopital’s rule, we have

lim

Fr_i((ex)*") o 2/T\ 2T, 2/T—1
Jing PR = i (e )T

where f}, is the PDF of y-square distribution with k& degrees of freedom. Note that f_1((ex)?*/7) =
((e2)2/T)(T~1/2=1=((2)*'")/2 then

1
3T=D/2T(T-1)/2)

lim fr_i((ex)?T)z?/T=t = lim C’T,eef((“)z/T)/Zx*% = 00,
z—0 z—0

J(T-1)/T

where Cr . = ST AT (T 1) /3)
_N\2T

T > 2. Therefore, lim,_,q Froae2)”) _ oo and the stated result for T > 2 follows from .

T

because ¢~ ((”")/2 s 1 and 27 — oo as # — 0 for any finite

Lemma 2. Suppose that assumptions in Propositionhold, If—n"'Ing, = o(1), thenn='c}! = o(1).

Proof. For brevity of notation, write ¢, = cM 4. BY Theorem 2.1 of [Foutz and Srivastava, (1977),
PLR, (M) 3 Zfil bjx; for 0 < bj < oo and K is finite, where x7, ..., x% are independent chi-
square random variables with one degree of freedom. Then, we have

K K

K c 1

n =P bix2>c, | <) P 25 &) < (—t—”) for0 <t < =
with 0* = argmax{b,...,bx}, where the last inequality follows from a Chernoff bound:

X 2
Pr(x?>%) < Ee[ip%z(ég_ll))))] = 11 5 exp (—té2) for 0 < t < i. Therefore, —ln% >
b= vi=
-1 ln< fi = t) + 3= <, and the stated result follows.
J

O

Lemma 3. Suppose that g(w;p, ) is defined as @, where ¢ = (n7,A\")T. Let g%, Vg*, Vlogg*
denote g(W; b, o), Vg(W; 4, a), and V log g(W ; 4, o) evaluated at (1, o), respectively. Let V f* denote
Vf(W;~*,0%). The following statements hold.
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(a) Forl =0,1,...,Vixgnonytg* =0;

(D) Vxozyrg" = a(l — )V gezyT 7

(c) E[Vaz, logg*] =0, E[Vaa,x, logg*] = 0, and E[V x5, log g*] = —E[V, log g*Vx,, log g*];

(d) E[Vaxaon logg®] = —E[Va,a,; log 9"V, 1og g +V i, 1og "V a, log g +Va,a, log gV, log g7].

Proof of Lemma[3] Recall that
g(w;h, ) = af(wiy,v+ (1= )A) + (1 = ) f(w; 7, v — ad).

First we show that for [ = 0 holds for (a), Vag* = a(l —a)Vef* —a(l —a)Vef* = 0. Forl > 0, by
Fubini’s Theorem, we have

Viaezyrg = Va (aV(%g)@zf(w;'y, v+ (1—a)A)+ (1 —a)Vyge f(wy,v— OA)’VZB* >\=o>

= (oz(l —a)V e gort) f(w;y, v + (1 — )A) — a(l — @)V (ye1 gery f(w; v,V — aX)

u:0*7>\=0)
= 0.

To show part (b), note that
Viaez)rg = Va (a(l — )Vt fw;v, v —a(l —a)X) + (1 — o)V f(w;v,v — a)\))

=a(l- 04)2V(>\®z)rf(w;’y, v4a?(1—a)A) + (1 - @)V ezt f(w;y,v — aX
= V(A®2)Tf*.

)|u:9*,)\:0

For parts (c) and (d), observe that [V, log g(w; ), a)g(w; v, a)dz = 0 holds for any ¢ in the
interior of ©,, and differentiating this equation w.r.t. \; gives

/{V)\i,)\j 1og g(’LU, wa Oé) + v)\i 10gg(’l.l], ¢a OK)VAJ log g('UJ, ¢7 a)}g(w, 7% O[)dﬂf =0. (71)

Evaluating at ¢y = ¢* in conjunction with part (a) gives the first equation in part (c). Differ-
entiating w.r.t. A\, or y and evaluating at ¢ = ¢* give the latter two equations in part (c). Part
(d) follows from differentiating w.rt. \; and A\, and evaluating at ¢ = ¢* in conjunction with
parts (a)(c).

O

Lemma 4. Suppose that the assumptions ofPropositionhold. Ifﬁ%ﬁ?l(m) - ﬁ’ﬁgﬂ(m) = 0p(1) and

) — 75 = 0,(1), then (a) agnK-‘_l)/[aElK-i_l) + agj_—fl)] — 10 = 0p(1) and (b)) 7K+ — 15 = 0,(1).
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Proof. The proof is similar to the proof of Lemma 3 of |Chen and Li (2009) and Lemma 10
in Appendix D of Kasahara and Shimotsu| (2019). We suppress (1) from 192}({?1(70) and
19?;0“(70) We suppress Z for brevity. Let f;(v,0;) and f;(9,+1) denote f(W;;~,8;) in H and
g1 (Wi 9 M0+1) in (18), respectively. Applying a Taylor expansion to a\* ™) = n=1 37 (/)
and using 19M 1 ’9Mo+1 = 0,(1), we obtain

00+ el £, 61)

1
(K+1) — =
Om T n Z 9ME)
i=1 fi(Oagy11)

1 — * fi(~v*, 0
—— Z Toahf (’Y ) h) + op(l) = 7—001;; + op(l),
n i=1 f7(19M0+1)

where the last equality follows from E[f;(~*, 6})/ fi(ﬂ?‘v}‘o +1)] = 1 and the law of large numbers. A

similar argument gives agj_—fl) = (1 —10)ag, + 0p(1), and part (a) follows.

For part (b), define H(r) := 3", w'i) log(r) + 37, wz h+1 log(1 — 7) = na'* ™ log(r) +

n?lgizf)l) then 7(X+1) maximizes H(7) + p(r). H(r) is maximized at 7 := (¥ ™) /(o) 4
+

apyy ) = (10aj +0,(1))/(T0ag + (1 — 10)ag, + 0p(1)) = 70 + 0,(1). Observe that, with 7 between
r(E+1) and 7,

p(7) < p(7) = p(rFHY) < H(EUHY) — H(7) = H"(7)(rF+D — 7)2, (72)

where the first inequality follows from p(7) < 0, the second inequality holds because 7(¥ 1) max-
imizes H(7) + p(7), and the last equality follows from expanding H (75X *1) twice around 7 and

~ . oKD alfT
) = 0 because 7 maximizes H (7). Note that H"”(7) = —n x { =& + (1“%)2 <0

noting that H

H'(7 =
and inf; H" (1) > —n(aoy; (K+1) | a;ff{l)). Therefore, in view of 7 — 79 = 0,(1) and 1} we have
(rUEHD — )2 < p(7)/H"(7) = Op(n~"), and part (b) holds.

O

B.2 Score function for testing H, : m = 1 against H4 : m = 2

HY(-) is defined as the j-th order Hermite polynomial. H!(t) =t, H?(t) =t — 1, H3(t) = t3 — 3t,
and H*(t) = t* — 6t + 3. As shown in|Kasahara and Shimotsu/ (2015) supplement material, the
derivative of {2¢(%)} is

SR 6) () )
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Let

f* — f(w,’y*,G*)7Vf* _ vf(w7,y*70*)7sz’t _ : H] <yzt wztﬂ —~ Zzt’y M ) , (73)

o*j!

then the first-order derivatives of the density functions are

1 T
vﬂf*:f*zg 1ta a2f Zii zt,

T
* * 1 *
Vel =) —Hizi;V

ug *Zit.

HMH
s

The score function defined in @[) is then written in terms of the Hermite polynomials:

SApAp
Sp Zt VHY Ao
2*
Spn = 5o = Z* 1 s S a\ = Ao s (74)
o e Zt:l Hi,tmit Sxurg
Sy 23:1 Hi%zit S, Ap
SxgXp
where
SXpup Zt 1 it 3 Zt 1D skt Hi% H'
SXio 3 Zt:l ngt + Zt:l P HTHE
Sxoo | = 3erTle4I+thTlZs;étHz2IH2* , and
S\.s 2 Zt 1 tmlt + Zt 1 Zs;ﬁt H H sLit
Sxos 32:&:1 Hitwit +22t=1 Zs;ét HitHisxit

Zt 1 zt‘rzt1+ Zt 1Zs;£t ztwlt 1Hz sTis,1
75)
T 2* 2 (
Zt:l it ,q +3 Zt 1 Ze;ﬁf txlt qHz sTis,q
T
23 Hi,txv:t,lxzw 3y Y HY i HY i
S\ = .
BB
T 2% T 1%
QZt 1H7;txit 1xitq+zt 1Z§;ﬁtHitxit 1H sLis,q
2 Zt 1 t%t 2Tit,3 + Et 1 Zs;ﬁt tl"zt 2H sTis,3

T 2% T 1%
2 Zt:1 Hi,txit,q—lxit,q + Zt:1 Zs# Hi,txit,q 1H slis,q
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When T = 1, the score functions are as follow:

2% .2
H; Tiq
S\ H—Q* H?*xg
s Hl* s 1 9 d
I i * X
e S 3HY 2HZ 7,172
So i .
Sy = =| o | s, |=] 3H" |, andsy,, = : . (76)
sg H ™ x; o 2+ )
1 SAup i Ti 2H:*x; 174
S‘Y Hi zZi 7 5 »q
EN 3H*z; VH2* g oo
B 1 ? i L3,2%43

2%
2H ,4-1Ti g

Notice that s, and s, ,, are perfect collinear and, therefore, the Fisher information matrix asso-

2

ciated with the proposed score function is singular under this reparameterization for data with
T=1.

B.3 Score function for testing H, : m = M, against H4 : m = M, + 1

The derivative of the reparameterized density w.r.t X at ¢)"* is zero similar to testing homogeneity
case. With the constraint 70 = 1 — Y Mo=!

;1 . The score functions s,,’s contain the first-order
derivatives w.r.t ’s v and v at /"

Flw; v, 057) — fw;v*, 057%)

Vol (w; g 7) =

b T b M 4* . ,*
> o flwiy, 057)
Mo J* L% nJ*
v lh(w hx* 7_) o Zj:l aqp V’Yf(vay 790 ) (77)
Y sy YT o - 21\40 O[j*f(w * 9]*)
=140 VY%
\V/ lh(’w' h 7’) _ Vef(w;v*,%”)
v Yy Vr o - M, Tk o
> o f(wsy*, 057)
Define H ]l-”; . as an abridged expression for -1 H b(y"‘_"'g)*_ié‘f 6z ). Define the weight w’*
i 1o ;
as
W A AWy, 687)
w; = T j=1,..., My,

L (Wt 0h,) ’
where f, (Wit} 1;9},,) is defined by equation (17).
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As shown in section[B.3] the score functions are:

M *
f(w‘aé*)_f(wleo ) 1* 1% T 1x
>, o f(w]6F) Zt 1 1zt Wity Hij @i
Sa(w;) = : ySu(w;) = : ,8p(w;) = :
Mg —1x* Mg *
w|0, 0 w|6, Y ]Wo* M= T 1% )
f(w] )—f(w] ) Zt 1 Mo,z,t w; thl HMo,i,txlt

> 0‘ f({W:t}t_l 96*)

The score function for s, is obtained analogously to sxx by replacing H/; with H}* , for b =

1,..,4 so that

S})L\g (wl) = wi

1*X:tl 1zt

S0 (w;) = : ,Sy(w;) =

MO* Mo * T 1% )
Zt lHMozt w; Zt:l Mo i t7it

Et 1Hh,z,t +3 Zt P % H

3 Zt 1 Hh it T3 Zt 1 Zs;&t }ZL*ZtH}ZL:klt

3Zt 1tht+2t 1D st }lﬁ,tHﬁ,*i,s )
2 Zt 1 Hh it Tt + Zt 1D skt Hh,i,txitH}lL:ki,s
3y, HY, it + 2 Y Dot Hi g HY

Zt th,z,txzt1+ Zt 123# hztxbtthzsxzsl

1% i 1% i
Zt 1 Hh i, 3 q T3 Zt 1 Zs# Hy% it gHy Yy s%isg
1x 1%
2 HES mienTirs + Yy Yo His e/ HE is 2

T 2% T 1% 1%

2> o Hiy it 1 Tityg + D41 Dospe Hp s it 1 HYy (Tis g
T 2% T 1% 1%

2> o Hilymino®ins + 30020 2o gp Hili it 2H Yy (@iss

T 2% . . T 1% i 1% i
231 H;% i wit,g—1%it,q + 2oim1 Es;ﬁt Hy% @itg—1Hy'; (Tis,q
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B.4 How to simulate the asymptotic distribution

C Other tables

Table 11: Parameter specification for null models with My = 1,2, 3,4

| My =1

N | {100,500}
{2,5,10}
an | (0.001,0.005,0.01,0.05,0.1,0.2,0.3,0.4)

N

| My =2

{100,500}

{2,5,10}

{(0.5,0.5); (0.2,0.8)}
{(~=1,1),(=0.5,0.5), (—0.8,0.8)}
{(1,1),(1.5,0.75), (0.8,1.2)}
(0.01,0.05,0.1,0.2,0.3,0.4)

AT LN =

S
3

| My=3

{100,500}

{2,10}

{(1/3,1/3,1/3); (0.25,0.5,0.25)}

{(—4,0,4);(—4,0,5); (=5,0,5); (—4,0,6); (—5,0,6); (—6,0,6) }
{(1,1,1);(0.75,1.5,0.75)}

(0.01,0.05,0.1,0.2,0.3,0.4)

AT 2N =

S
3

| My =4

{100, 500}

{2,10}

{(0.25,0.25,0.25,0.25)}

{(=4,-1,1,4); (=5,—1,1,5); (=6, —2,2,6); (—6,—1,2,5); (—5,0,2,4); (—6,0,2,4)}
{(1,1,1,1);(1,0.75,0.5,0.25)}

an | (0.01,0.05,0.1,0.2,0.3,0.4)

AT LN =
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Table 12:

The estimated a,,-function based on the simulated nominal size

Dependent variable

log (1£5) —log (%355)

O 2 &) (4
1T 0.776"** —0.288" 0.611** 0.258"**
(0.238) (0.074) (0.050) (0.087)
1/N 28.143"* 4.637 21.156"* 8.585°
(10.127) (3.124) (2.524) (4.334)
log (72 ~0.016 ~0.101" ~0.1117* ~0.128"
(0.019) (0.009) (0.007) (0.030)
w (9 rq3Mo) *ok ok ok ok
log (o) ~0.197 0.002 ~0.013
(0.029) (0.006) (0.003)
Constant ~0.616° —0.811°* ~0.680""" ~0.735"
(0.113) (0.047) (0.060) (0.068)
Observations 48 648 576 288
Note: *p<0.1; **p<0.05; ***p<0.01
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